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RESOLUTION OF SINGULARITIES OF THE COTANGENT 
SHEAF OF A SINGULAR VARIETY 


ANDRE BELOTTO DA SILVA, EDWARD BIERSTONE, VINCENT GRANDJEAN, 
AND PIERRE D. MILMAN 


Abstract. The main problem studied here is resolution of singularities of the 
cotangent sheaf of a complex- or real-analytic variety Xq (or of an algebraic 
variety Xq over a field of characteristic zero). Given Vq , we ask whether there 
is a global resolution of singularities cr X ^ Vq such that the pulled-back 
cotangent sheaf of Vo is generated by differential monomials in suitable coor¬ 
dinates at every point of X (“Hsiang-Pati coordinates”). Desingularization of 
the cotangent sheaf is equivalent to monomialization of Fitting ideals gener¬ 
ated by minors of a given order of the logarithmic Jacobian matrix of cr. We 
prove resolution of singularities of the cotangent sheaf in dimension up to three. 
It was previously known for surfaces with isolated singularities (Hsiang-Pati 
1985, Pardon-Stern 2001). Consequences include monomialization of the in¬ 
duced Fubini-Study metric on the smooth part of a complex projective variety 
Vq; there have been important applications of the latter to L 2 -cohomology. 


Contents 


1. Introduction 

2. Logarithmic Fitting ideals 

3. Logarithmic Fitting ideals and desingularization of the cotangent sheaf 

4. Invariant of a logarithmic Fitting ideal 

5. Three-dimensional case: outline of the proof 

6. Prepared normal form 

7. Decreasing the main invariant 
References 


1 

5 

I 

15 

16 
19 
28 
41 


1. Introduction 

The subject of this article is resolution of singularities or monomialization of 
differential forms on an algebraic or analytic variety. Let Xq denote either an alge¬ 
braic variety over a field of characteristic zero, or a complex- or real-analytic variety. 
We assume that Xq is reduced; i.e., that its structure sheaf has no nilpotents. Let 
SingVo denote the singular subset of Vq. Our main goal is to prove the following 
conjecture. 
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Conjecture 1.1 {Resolution of singularities of the cotangent sheaf). There is a 
resolution of singularities of Xq (i-e., a proper birational or bimeromorphic mor¬ 
phism a : X ^ Xq such that X is smooth, a is an isomorphism over Xo\SingXo, 
and cr“^(SingXo) is the support of a simple normal crossings divisor E on X), 
such that the pulled-back cotangent sheaf of Xq is locally generated by differential 
monomials 

(1.1) d{u°‘'), i = 1,..., s, and d{u^^Vj), j = 1,... ,n — s, 

where n = dimXo, {u,v) = {ui,... ,Us,Vi,... ,Vn-s) are local (analytic or etale) 
coordinates on X , and 

(1) supp E = {ui---Us = 0), 

(2) the multiindices Oi,... G N® are linearly independent over Q, 

(3) {ai,0j} is totally ordered (with respect to the componentwise partial or¬ 
dering of N®). 

An important consequence, for example in the case that Xq is a complex pro¬ 
jective variety, is that the pull-back to X of the induced Fubini-Study metric on 
Alo\Sing Xq is locally quasi-isometric to 

s n—s 

^ c?(u“‘) 0 d(u“‘) -f d{u^^Vj) 0 d{uPiVj). 

i=i 

We will show that the problem of desingularization of the cotangent sheaf can be 
reformulated in terms of principalization of logarithmic Fitting ideal sheaves (an 
approach suggested already by m ; see Section |3] below. Given a resolution of 
singularities a : X ^ Xq, the logarithmic Fitting ideal J^fc(cr) denotes the sheaf of 
ideals of Ox generated locally by the minors of order n — fc of the Jacobian matrix 
of a with respect to a logarithmic basis of 1-forms on X; see H2.21 

Theorem 1.2. Let a : {X,E) (Xo,SingXo) be a resolution of singularities of 
Xq. Then the following conditions are equivalent. 

(1) The logarithmic Fitting ideals Ek{n), k = 0, ...,n — 1, are all principal 
monomial ideals (generated locally by monomials in components of the ex¬ 
ceptional divisor). 

(2) The morphism a is a resolution of singularities of the cotangent sheaf of 
Xq, as in Coniecture M.R 

Coniecture ll.ll can be strengthened by asking that cr be a composite of blowings- 
up with smooth admissible centres {admissible means that each centre of blowing-up 
has only normal crossings with the exceptional divisor; also see EB- The following 
is our main result. 

Theorem 1.3. Coniecture \l.l\ (in the preceding stronger form) holds for varieties 
of dimension < 3. 

The result was previously proved (at least locally) in the case of surfaces (2- 
dimensional varieties) with isolated singularities by W.-C. Hsiang and V. Pati [TCI 
1985], and a more conceptual proof in this case was given by W. Pardon and 
M. Stern [171 2001]. Our formulation of Conjecture 11.11 is due to B. Youssin [22l 
1998]. A system of coordinates as in Conjecture 11.11 will be called Hsiang-Pati 
coordinates. 
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One of the main interests of the Hsiang-Pati problem has been for applications 
to the L 2 -cohomology of the smooth part of a singular variety, going back to the 
original ideas of Cheeger [i[7]. Hsiang and Pati used their result to prove that 
the intersection cohomology (with the middle perversity) of a complex surface Xq 
equals the L 2 -cohomology of Xo\SingXo (Cheeger-Goresky-Macpherson conjecture 
0 ). Several controversial articles on both the Hsiang-Pati problem and the L 2 - 
cohomology of singular varieties have perhaps discouraged work on these questions; 
we hope that our results will lead to a renewal of interest. 

Our main conjecture 11.11 is closely related to the problem of monomialization or 
toroidalization of a morphism (see 1H.3I) , and our proof of Theorem 11.31 is strongly 
influenced by Cutkosky [H]; in particular, the invariant p of Section |4] below is in¬ 
troduced in the latter (but our article does not depend on [II]). Problems involving 
techniques similar to those developed in this article are treated in ElE]. 

We are grateful to Franklin Vera Pacheco for several very helpful comments. 

1.1. Outline of the paper. The logarithmic Fitting ideals Juc(ct) cannot be prin- 
cipalized by a simple application of resolution of singularities because Tk(<j) does 
not, in general, commute with pull-back (even up to multiplication by a principal 
monomial ideal). We show, nevertheless, that standard desingularization techniques 
can be used to principalize the Fitting ideal Jt((t) of highest order minors, as well 
as the Fitting ideals of lower order minors. More precisely, we can reduce to the 
case that, if the logarithmic Jacobian matrix has rank r at a € X, then Xo(cr) as 
well as X„_i(cr)a,..., Tn-r-i{<y)a are principal, and the first r-|-1 components of a 
at a (with respect to suitable local coordinates) are given by Hsiang-Pati monomials 

0-1= Ul, ..., ar=Vr, ar+l=U°‘\ 

(where {u,v) are coordinates at a in which suppi? = {ui ■ ■ ■ Us = 0); see H3.2I1 . 

An immediate consequence is that Conjecture II.II holds in the case dimXo < 2. 
Moreover, to prove Theorem [F3] (when dimXo = 3), it remains only to principalize 
{a) at points of log rank 0; the image of such points in Xq forms a discrete subset. 
Principalization of Xi{a) is technically the most difficult part of the paper. We 
argue by induction on the maximal value of an upper-semicontinuous local invariant 
p of Xi((t). The invariant p has possible values 0,1,..., 00 , and p{a) = 0 if and only 
if Ti{a)a is a principal monomial ideal (Section |T|). Our proof of principalization 
of Xi (cr) has three main steps (cf. Section [5]) : 

Step 1. Reduction to the case that p{a) < 00 , for all a. In this case, at a point 
a of log rank 0, we can write the components of tr (with respect to suitable local 
coordinates as in Coniecture ll.il) as cti = and ai = gi{u)+u^Ti, i > 1, where 
divides each ai, every dgi is in the submodule generated by d{u°‘), and (in the case 
that a is a 1- or 2-point) T 2 can be written essentially in Weierstrass polynomial 
form with respect to a distinguished variable v (Lemma 14.31 We say that a is an 
s-point when supp E = {ui • • • Us = 0) at a.) 

Step 2. Reduction to prepared normal form lLemma l5.2l and Section[6]). By further 
blowings-up, we reduce to the case that the coefficients of the Ti as expansions in v 
are monomials (times units) in local coordinates as above, and the zeroth coefficients 
(i.e., the coefficients of u°) are essentially in Hsiang-Pati form (as components of a 
morphism in dimension two). 

Step 3. Decrease of p, by further blowings-up iLemma 15.41 and Section [7|). 
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1.2. Examples. The following examples illustrate some of the challenges in the 
Hsiang-Pati problem. 

Example 1.4. Let a — {cri,a2,<J3) be the morphism given by 

(Ti = (72 = U^iy^ + UW), (73 = U^V, 

where E = {u = Q). Then the log Fitting ideals Jo (o’), ^ 2 ( 0 ') are principal, and 
Ji {( 7 ) = ■ (m, v) at the 1-point a = 0. This is essentially the simplest example of a 

morphism written in prepared normal form (Lemma 15.21) . that does not yet satisfy 
the conditions of Coniecture ll.il In this example, cr can be reduced to Hsiang-Pati 
form (in fact, cr can be monomialized; cf. Section ll..11 below 1 by two blowings-up. 

Let T denote the blowing-up with centre C = (m = n = 0) (C is the locus of 
points where the invariant p = 1). Then r can be covered by two coordinate charts. 
Let b G T~^(a). There are two possibilities: 

( 1 ) b belongs to the “u-chart”, with coordinates (x, v, w) in which r is given by 
{u,v,w) = (x,xv,w). Then 

( 7 i O T = , a 2 O T = x'^{xV + w), 0-307 = X^V, 

and cr o T is in Hsiang-Pati form in this chart; in fact, CT 2 o t = x'^w' after a 
coordinate change w' = w + xv, at any b € r“^(a) in the chart. 

( 2 ) b is the origin of the v-chart, with coordinates (x, y, w) in which r is given by 
(it, V, w) = {xy, y, w). In this chart, 0-307 = y{y + xw)] 6 is a 2-point (with 
p{b) = 00 ) and one more blowing-up, with centre the 2 -curve {x = y = 0), 
is needed to reduce to Hsiang-Pati form. Note that this centre is globally 
defined in the source of 7. 

We remark that Pati [18] and Taalman [20] claim that, in dimension three, Ji(o-) 
is necessarily principal at a 1-point, because “since u does not divide R [where 
R = T 2 = -\- uw in the example above], the 2-form du A dR is nowhere-vanishing 

[on {u = 0 )], and thus i? is a coordinate independent of m” [201 p. 258] (cf. [TH] 
p. 443]). The example above shows this is not true. 

Example 1.5. Let a = ( 0 - 1 , 0 - 2 , 0 - 3 , 174 , 0 - 5 ) be the morphism given by 

0-1 = u^, 02 = u^{v^ -I- {y^ -I- ux^)uv -I- u^w), 03 = u^v, 0-4 = u^y, 0-5 = u^x, 

where E = {u = 0). Then J-b(o-) and ^ 4 ( 0 ) are principal at 0. It might appear 
reasonable to blow up (x = y = 0 ) to principalize 7 - 3 ( 0 -), but this centre is not in 
supp E. 

1.3. Monomialization of a morphism. Given Xq, we can ask whether there 
exists a resolution of singularities as in Conjecture II.II such that the components of 
0 (with respect to suitable local coordinates of a smooth local embedding variety 
of Tfo) are themselves monomials (rather than only their differentials). This is not 
true, in general, because it would imply that Xq locally has a toric structure. 

It is reasonable to ask, on the other hand, whether a morphism o : X ^ Y can 
be monomialized by blowings-up in both the source and the target — this is the 
problem of monomialization. In its simplest formulation, we can ask whether, after 
suitable global blowings-up in the source and target, a proper birational or bimero- 
morphic morphism o can be transformed to a morphism that can be expressed 
locally as 

O',- 

Xj = u % 


yj = [cj +Vj), Zk = Wk, 
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with respect to coordinates {u,v,w) = ( mi , . .. ,Up,vi,... ,Vq,wi,... ,Wr) and {x,y, z) 
= (xi, ..., Xp, yi, ... ,i/g, zi,..., Zr) in the source and target (respectively), where 
u and {x,y) represent the exceptional divisors, the exponents are Q-linearly 
independent, and the Cj are nonzero constants. 

Our approach to Conjecture 11.11 or Theorem 11.31 is a step in this direction. By 
blowings-up in the source, we aim to express the successive components of a as 
the Hsiang-Pati monomials {u°‘\u^^Vj), in the ordering of Conjecture 11.11 31. plus 
additional terms whose differentials are in the submodule generated by uni) ; see 
SD and Lemma oi The passage from such a statement to monomialization of 
a by blowings-up in the source and target is an interesting problem that we plan 
to treat in a future article (cf. Cutkosky [9j Sections 18,19] for morphisms from 
dimension three to two). 

The problem of monomialization or toroidalization of morphisms has an extensive 
literature (see, for example, Dnn] and references therein), though the only general 
results either are of a local nature or involve generically finite rather than birational 
or bimeromorphic modifications. Cutkosky has proved global monomialization for 
algebraic morphisms in dimension up to three mm The normal forms of m 
Sections] cannot be obtained, however, as claimed in the proof of |1H Lemma3.6] 
(see m) ; we use different normal forms in our Lemma 15.21 

Cutkosky’s arguments do not extend to analytic morphisms in an evident way 
because they involve local blowings-up that are globalized by algebraic techniques 
(e.g., Zariski closure, Bertini’s theorem) that are not available in an analytic cate¬ 
gory. One of the main differences of our approach from that of mm is that we 
chose as centres of blowing up only subspaces that a priori have global meaning 
(see Section [3 below). 


2 . Logarithmic Fitting ideals 

Let Xq denote either an algebraic variety over a held of characteristic zero, or a 
complex- or real-analytic variety. Assume that Xq is reduced. 

2.1. Blowing up and resolution of singularities. A resolution of singularities 
of Xq is a proper birational or bimeromorphic morphism cr : A —>■ Xq such that X 
is smooth, a is an isomorphism over Ao\SingAo, and cr“^(Sing Aq) is the support 
of a simple normal crossings divisor A on A (the exceptional divisor). See [Hl^. 
We write a : {X,E) —>• (Ao,SingAo). 

Given a smooth variety A with a simple normal crossings divisor E, a blowing- 
up cr : X' —>■ A is called admissible (for E) if the centre of a is smooth and has 
only normal crossings with E. An admissible blowing-up is called combinatorial if 
its centre is an intersection of components of E. 

A singular variety Xq locally admits an embedding Aoju ^ Mq in a smooth 
variety Mq (U denotes an open subset of Aq). A divisor Eq on Aq has only normal 
crossings if E is the restriction of ambient normal crossings divisors, for a suitable 
covering of Aq by embeddings in smooth varieties. The notions of simple normal 
crossings divisor, admissible and combinatorial blowing-up all make sense in the 
same way. 

If Xq is an algebraic or compact analytic variety (with a simple normal crossings 
divisor Eq, perhaps empty), then a resolution of singularities (A, E) (Aq, Sing Aq) 
can be obtained as a composite of hnitely many smooth admissible blowings-up. In 
the case of a general analytic variety Aq, resolution of singularities can be obtained 
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by a morphism which can be realized as a composite of finitely many smooth ad¬ 
missible blowings-up over any relatively compact open subset of Xq (we will still 
say, somewhat loosely, that cr is a “composite of blowings-up”). 


2.2. Logarithmic differential forms. Let X denote a smooth variety with simple 
normal crossings divisor E, and let denote the Ojf-module of differential 1-forms 
on X; is locally free of rank n = dimX. 

Let fl^(logi?) denote the Ox-module of logarithmic 1-forms on X: If {7 is 
an etale or analytic local coordinate chart of X at a point a, with coordinates 
{u,v) = {ui, ..., Ms, Ml,..., Vn-s) such that a = 0 and (m^ = 0 ), j = 1 ,..., s, are 
the components of E in U (we say the coordinates {u,v) are adapted to E), then 
n 3 s:(logi?) is locally free at a with basis given by 

dui 

( 2 . 1 ) -, i = 1 ,..., s, and dvj, j = 1,... ,n — s. 

Ui 

There is a natural inclusion ^ (log E) (given by writing any 1-form in terms 
of a “logarithmic basis” (EU). 

Given a singular variety Xq, we also write for the cotangent sheaf of Xq. 
(17^^ has stalk mxg alm^o a '"^here ELxq a denotes the maximal ideal of Oxo,a-) 
Suppose that a : {X,E) (Xq, Sing Xq) is a resolution of singularities (in partic¬ 
ular, suppi? = (T“^(Sing7fo)). Let denote the submodule of generated 

by the pull-back of and consider the quotient Ox-module 

(2.2) <i>:=f7^(logi?)/a*f7^„. 

(If Xq ^ Zq, where Zq is smooth, then 17^^ is induced by the restriction to Xq of 
and = cr*f7^^.) 

Remark 2.1. Let x := {xi,... ,Xn) and let /8i,...,/3fc G N". If 7 is linearly de¬ 
pendent on over Q, say 7 = where each qi G Q, then 

dx'^ — '^^qix'^~^'dx^K In particular, if 7 > /8i, for all i, then dx'* is in the 
submodule generated by the dx^* . 


If Xo\v ^ Mq is a local embedding over a neighbourhood V of b = a{a), then 
cr*{flxjv) = dim Mo = N and a is expressed in components a = 

(cTi,..., ax) with respect to local coordinates of Mq at b, then $ has a presentation 
at a given by (the transpose of) the logarithmic Jacobian matrix of tr. 


(2.3) 


log Jaccr = 


9cri 

dai 

dai 

da 

c 7 mi 

Us 0 

UUg 

dvi 

dvn- 

dax 

dax 

dax 

dai 

dui 

Us 

UUg 

dvi 

dv„. 


Note that every minor of order n of log Jaccr equals mi • • • Ug times the corre¬ 
sponding minor of order n of the standard Jacobian matrix Jaccr. 

The rank at a of log Jaccr will be called the logarithmic rank logrkacr of a at 
a. It is clear from (EH) that, if a G suppi?, then logrkacr = rka(cr|E(a)), where 
E{a) denotes the intersection of the components of E containing a (We call E{a) 
the stratum of E at a. If a ^ suppi?, then logrkocr := rkacr.) 
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2.3. Logarithmic Fitting ideals. For each k = 0,... ,n — 1, the logarithmic 
Fitting ideal JFk = Tk{p) denotes the ideal (i.e., sheaf of ideals) of Ox generated 
by the minors of order n — fc of log Jaccr. The Fitting ideals iFk depend only on 
the quotient module $ ( 12 . 2 |) : in particular, they are independent of the choices of 
adapted local coordinates of {X, E), the local embedding Xo\v ^ Mq and the local 
coordinates of Mq (cf. [Ml § 20 . 2 ]). 

The relevance of logarithmic Fitting ideals to the main conjecture was recognized 
by Pardon and Stern and Theorem 11.21 is suggested by their work. 


2.4. Transformation of logarithmic Fitting ideals by blowing up. Let /3 

denote an admissible blowing-up with centre C C suppi?, and let E' denote the 
transform oi E hy (3 (by definition, the components of E' are the strict transforms 
by P of the components of E, together with the exceptional divisor of /3). In this 
case, suppS' = /3“^(suppi?); we will write /3 : {X',E') {X,E). With the respect 

to adapted local coordinates {u,v) at a point a S C, as above, we can assume that 
C is given by 


ui = ■ ■ ■ = Uk = 0, for some fc > 1 , and = • • • = u/ = 0 , for some I > 0 . 


The blowing-up P is combinatorial 11 12.111 precisely when I = 0. 

Over the {u, v) coordinate chart, X' can be covered hy k + I coordinate charts 
— a “ui-chart”, for each i = 1,..., fc, and a “uj-chart”, for each j = For 

example, the ui-chart has coordinates (u', v') = {u[, ..., u'^, v[,..., given by 


Ui = Ul, 


u,- = 


Uifui, 2 <i < k 
Ui, i > k 


and the ui-chart has coordinates {u',v') = {u[,.. 


Ui = 


i/ui, 1 <i <k 


k < i < s ’ 


Us+l = VU 


We compute 



Vj/ui j<l 

Vj j >l ’ 


given by 


r Vj/vi 2 <j <l 

I I’j j > I 


log Jac {a o P) = ((log Jaccr) o p) ■ B, 
where B denotes the n x n matrix 


(o ?)-'“'5'(o d)' 

with A (respectively, C) the s x s diagonal matrix with diagonal entries l/ui (re¬ 
spectively, u'f), I the identity matrix of order n — s, and D a diagonal matrix of 
order n — s with first entry 1 in the ui-chart or i^ ui-chart, and remaining 
diagonal entries 1. We make the following simple but important observations. 

Remarks 2.2. (1) det B = exc^ where exc denotes the exceptional divisor of cr; i.e., 
exc = u'l in the ui-chart or in. the ui-chart. 

(2) If /3 is a combinatorial blowing-up {I = 0), then B is invertible, so that 
every minor of log Jac (a o /3) is a linear combination of minors of the same order 
of (log Jac ct) o P, and vice-versa. 

Therefore, in the notation above, we have the following. 

Lemma 2.3. (1) o p) = exc''■ P*To{a). 

(2) If P is a combinatorial blowing-up, then Ekipr o p) = p*Tk{cr), k = 0,.... 


A. BELOTTO, E. BIERSTONE, V. GRANDJEAN, AND P.D. MILMAN 


Theorem 2.4. Given a reduced variety Xq, there is a resolution of singularities 
a : (X,E) (Xo,SingXo) such that a is a composite of admissible blowings-up 
and J-Q{a) is a principal ideal generated locally by a monomial in generators of the 
components of E (we will say that a is a principal i?-monomial ideal, or a principal 
monomial ideal if E is clear from the context). 

Moreover, if a is a resolution of singularities such that Eo{a) is a principal 
monomial ideal, and j3 : {X',E') —^ (X,E) is an admissible blowing-up, then Eo{ao 
P) is a principal monomial ideal. 

Proof. The second assertion is immediate from Lemma I2.3f ll. Suppose that a is 
a resolution of singularities of the variety Xq by admissible blowings-up. We can 
then apply resolution of singularities of an ideal to Eo{a), and the first assertion 
again follows from Lemma 12.31 11. □ 


2.5. Regularization of the Gauss mapping. Given a smooth variety Mq and 
n < dimMp, let G(n,Mo) denote the Grassmann bundle of n-dimensional linear 
subspaces of the tangent spaces to Mq at every point. If Xq ^ Mq and Yq = 
SingJfo, then there is a natural Gauss mapping Gxo ■ G(n,Mo), where 

n = dimXo, given by a i—tangent space of Xq at a. 

Theorem 12.41 also provides a regularization of the Gauss mapping: 


Theorem 2.5. Let a : {X,E) —^ (XojLo) denote a resolution of singularities. 
Then the following are equivalent: 

(1) the pull-back a*Gxo extends to a regular (or analytic) morphism on X; 

(2) is a locally free Ox-module of rank n; 

(3) the Fitting ideal J^o(o') is a principal ideal (not necessarily monomial). 


Proof. The equivalence of (1) and (2) is a consequence of the fact that a sheaf of 
Gx-modules is locally free if and only if it defines a vector bundle (see [H Exercise 
11.5.18]). To see that (1) -4=^ (3), note that the Grassmannian Grass(n, TV) of n- 
planes in C^; i.e., the space of linear injections y = A(x) from C" —)• C^, is the 
complex projective space of dimension („) — 1 with homogeneous coordinates given 
by the minors of order n, 


d{xi, ...,Xn) ’ 


il in: 


of the Jacobian matrix of A with respect to coordinate systems x = (xi,... ,Xn), 
y = (?/i,..., yx) of C", (respectively). □ 


Remark 2.6. Given a € X, condition (1) of Theorem 12.51 can be used to choose 
coordinates for Mq at a{a) such that each dai, i > n, is in the submodule generated 
by dai,..., dan at a. We will not use this result, but have included Theorem 12.51 
for historical reasons. 


3 . Logarithmic Fitting ideals and desingularization of the 

COTANGENT SHEAF 

We continue to use the notation of Section [2] 
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3.1. Equivalence of the main conjecture and principalization of logarith¬ 
mic Fitting ideals. In this subsection, we will prove Theorem 11.21 

According to Theorem 12.41 there is a resolution of singularities a such that 
J-o{o') is a principal monomial ideal, and the latter condition is stable by ad¬ 
missible blowings-up. Although Theorem 11.21 may seem attractive because our 
main conjecture 11.11 is obtained “in one shot” from the condition (1), the Fitting 
ideals J-k{cr), fc > 0, do not enjoy the stability property of so in practice 

it may be difficult to obtain condition (1) step-by-step. (Example. Consider the 
morphism a{u,v,w) = ,u^v,u'^w) and the admissible blowing-up with centre 

{u = V + w^ = 0).) 

We will show, nevertheless, that, given a resolution of singularities tr by admissi¬ 
ble blowings-up, then, after further admissible blowings-up, is a principal 

monomial ideal ((Theorem I3.6|l . In fact, we will show that, after further admissi¬ 
ble blowings-up, Tn-iio'), ■ ■ ■ are principal monomial ideals at every 

point of log rank r. This seems useful as a way to begin an inductive proof of 
our main conjecture. In particular. Theorems 12.4111.21 and 13.61 immediately estab¬ 
lish Conjecture 11.11 in the case that dimAg < 2 (see Corollary 13.711 . We will use 
Theorem 13.61 to begin an inductive proof in the 3-dimensional case, in Section | 6 l 
It will be useful to have the more precise local statement of the following lemma, 
which immediately implies Theorem 11.21 The proof of Lemma 13.11 will include 
the precise relationship between the exponents of monomials generating the log 
Fitting ideals, and the exponents appearing in the differential monomials involved 
in Hsiang-Pati coordinates. 

Lemma 3.1. Let a : X ^ Mq be a morphism between smooth varieties. Say n = 
dim A, N = dimMg. Suppose that the critical locus of a (i.e., {a S A : rkaCT <n}) 
is the support of a simple normal crossings divisor E on X. Let a G X. Then, for 
each fc = 1 ,..., n the following are eguivalent: 

(1) The logarithmic Fitting ideals J^„_i(cr),..., A„_fe(cr) are all principal E- 
monomial ideals at a. 

(2) There are (analytic or Stale) coordinates (u,v) of X at a adapted to E, 
and coordinates z = (zi,..., Zn) of Mq at a{a), such that, writing a = 
((Ti,..., CTjv) with respect to the coordinates z, 

(a) the submodule A4k offlj^^ generated by the pull-backs a*dzm = dam, 
m = 1,... ,k, is also generated by differential monomials d{vT‘'), i = 
1,... ,lk, and d{u^^Vj), j = 1,... ,k — Ik, for some Ik < k, satisfying 
conditions as in Coniecture A 1. li 

(b) for each m > k, am = 9m + Sm, where dgm G A4k and Sm is divisible 
by 

Proof. (2) (1). Given “partial” Hsiang-Pati coordinates at a point a of A, as 

in (2), each log Fitting ideal Fn-m{o'), m = 1,..., fc, at a is generated by a minor 
of order m of the matrix with rows given by the coefficients of the differential 
monomials d{u°^') and d{u^^Vj) with respect to the logarithmic basis (12.11) . Each 
row is a vector (^, 77 ), where the components of ^ (respectively, rf) are log derivatives 
with respect to the coordinates Ui (respectively, derivatives with respect to the 
Vj). The row vector corresponding to (respectively, to u^^vj) is zt“‘(ai,0) 
(respectively, u^^{vj^j, {))), where 77 = (j) denotes the vector with 1 in the j’th 
place and 0 elsewhere). 
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It is easy to see that each Tn-m is generated by w'*'’", where 7 m is the sum of 
the first m elements of (as an ordered set). 

(1) => ( 2 ). Assume that Tn-m = m where 71 < < 7 ^. 

Write cr as (T = (cti, ..., cta?) with respect to local coordinates 2 : = (zi,..., zm) of 
Mq at a{a) = 0 . 

We will prove (2) (in fact, a stronger statement) by induction on k. Given fc > 0, 
assume there are local coordinates {u,v) at a = 0 such that: 

(1) fe The Ox,a-module generated by dai,... ,dak is generated by d{u°‘'), i = 

I,... ,lk, and d(u^^Vj), j = 1 ,..., fc — Zfc, where {ai,^j} is totally ordered 
and tti,... ,a 4 are linearly independent over Q. 

(2) k For all TO = 1,..., fc, 

*^m — “f Sm 

(sum of analytic functions, or regular functions in the etale chart), where, 

(a) for every monomial appearing (i.e., with nonzero coefficient) in 

the formal expansion of gm at a = 0 , (/ 8 , 7 ) is linearly dependent on 
the (q:j, 0 ), i = l,...,Zm-i, and {^j,{j)),j = 1 ,..., to - 1 - Zm-i, over 
Q, and /3 > ai, fij, for all such i,j; 

(b) Sm = + ^ or Sm = + + 

Note that, if (^ 8 , 7 ) = 9 i(«i.O) + (j))> where the 

qi,rj G Q and rj ^ 0 for some j, then P > Pj (/3,7) > (/3j, (j)), so 

(by Remark [2T]) . dgm is in the Ojc.a-submodule generated by the du°‘' and 
d{u^^Vj). 

(3) fe For each to = fc + 1,..., A^, 

— gmk T W Smk^ 

where gmk and Smk are analytic or regular functions such that 

(a) for every monomial u^v'^ appearing in the formal expansion of gmk at 
a = 0 , (/3,7) is linearly dependent on the (ai, 0 ), i = l,...,lk, and 
(Pj, (j)), j = 1 ,..., fc — Zfe, over Q, and /8 > at, /3j, for all such i,j (so 
dgmk is in the submodule generated by dai ,..., dak)', 

(b) Smk > niax{aifc,/ 8 fc_;fc} and, if Smk is a unit, then Smk is linearly 
independent of ai,... 

(c) Smk is divisible by no Ui (unless Smk = 0 ). 

( 4 ) fe 

The assumptions above (except for (3)fc(c)) are all empty if fc = 0. 

Note that the generator u'*''" of Tn-k is given by a coefficient of dai A • • • A dak 
(with respect to the log basis). It is easy to see that the generator of Tn-(k+i) 

is given by a coefficient of 

dai A • • • A dak A damo, 

for some Too > fc+1 (e.g., using elementary row and column operations on log Jac u). 
Set 

k Ik 

rik ■= f\ d{u°‘*) A /y d(u^^Vj). 

i=i j=i 
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Then 


where 


rife = \ A dvi A • • • A dvk-ik + r]k 


I runs over all sets {ii,..., i/j,} such that 1 < ii < ■ ■ • < ii^. < s, 

A dUi dUi-^ ^ ^ dUif^ 

Ui ' Ui^ 

Cl is a unit, for some I, 

r]k e (Ui, . . .,Vk-lk) ■ ^X,a- 

Let us compute V.kAd{u^v'^), -where u^v'^ is a monomial with ^8 > max{a;j,,; 8 fe_i^} 
(for example, a monomial in the formal expansion of Smk, where m > fc + 1). 

Case (i) 7 = 0. Now, du^ = u^'^jdidui/ui. If /? is Q-linearly dependent on 
ai,..., ai^ , then fife A du^ =0. If y 8 is Q-linearly independent of the a^, then some 
coefficient of fife A du^ (with respect to the log basis) is times a unit, and all 

other coefficients are divisible by 

Case (ii) I 7 I > I. Then 


d{u^v^) = u^v'^ ^ fii —^ ^ dvj. 

If I 7 I > I, then all coefficients of fife A d{u^v'^) are divisible by some Vj. Consider 
I 7 I = 1 . If 7 = (j), for some j < k — lk, therru^v^^^ = and flkAd{u^v^^^) 

is in the submodule of logarithmic (/c-l-l)-forms divisible by vj. If 7 = (g), for some 
q > k — Ik, then some coefficient of fife A d{u^v^'^'>) is times a unit, and all 

other coefficients are divisible by . 

We can assume that the monomial generating Tn-(k+i) is given (up to a 

unit) by a coefficient of 

dai A • • • A dak A dak+i ■ 

Then 

7 fc-t-l “ 'yk T ^k+l,k and Smk ^ ^k+l,k, Tfi ^ k -\- 1 . 

Moreover, by the computation above, either there is a monomial P = appearing 
in the formal expansion of Sk+i,k such that 5k+i,k = 01 , or there is a mono¬ 
mial P = u^Vq, where q > k — lk, appearing in the formal expansion of Sk+i,k 

such that Sk+l,k = /?• 

We can now obtain (I)fc+i. Set S := S'fc+i,fc. First suppose P — u°‘. Then S is 
a unit and ai,... ,0:4,0: are linearly independent over Q. Let e = (ei,... ,€«) G Q^ 
denote a shortest vector such that 


(oi,c) = 0, 
(o,c) = 1, 


and consider the coordinate change 


i — 1 ,..., 


Uh = S^^Uh, 
Vj = 
Vj=Vj, 


h 1 ,..., s, 
j = l,...,k-lk, 
j > k- Ik- 
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Then 


Set 


for any /3, so 

=u°‘% i = l,...,lk, 

u^iVj=u^^Vj, j = i,...,k-lk, 
u" = 


“4+1 = 7fc+i -7fc> 

ik+l '■= Ik + 1- 

Then the Ojf-module generated by dai ,..., dak+i is also generated by 

cSZ"% i = 1,..., Zfc+i, and d{u^^Vj), j = 1,... ,k + 1 — Ik+i- 

Secondly, suppose P — u^Vq, where q > k—lk- Then S'(O) = 0 and {dS/dvq){0) ^ 
0. We can assume that q = k — Ik + Consider the coordinate change 

u = u, 

j k - Ik + I, 

Vk-ik+i = S. 

Set Ik+i ■= Ik- Then the Ox-module generated by dcri,..., dak+i is also generated 
by 

i = 1,... ,4+1, and j = 1,..., fc-b 1 - 4+i- 

Properties (2)^+1 and (4)^+1 are clear from the construction. 

It remains to verify (3)fc+i. Clearly, gmkiu,v) = gmk{u,v), for all m > /c -I- 1; 
i.e., vP' = and u^^Vj = u^^Vj, for all monomials involved. In the analytic case, 
for each m > k + 2, we can define gm,k+i by adding to gmk{u,v) all monomials 
u^lp (times nonzero constants) appearing in am — gmk such that (/3,7) is a Q-linear 
combination of (ai, 0), (/3j, (j)), z = 1,..., h+i, j = ^, ■ ■ ■ ,k + 1 — 4+i- Note that 
such (/3,7) is > all the (ai,0), (j)). 

In the algebraic case, the preceding construction provides formal expansions 
gm,k+i and u^™++Gm,fe-i-i that are not a priori algebraic. In this case, for each 
TO > fc -b 2, we can define gm,k+i ■= 5m,fc+i - ^m.fc+i and Sm,k+i ■= Sm,k+i + 
where ^m,fc+i denotes the sum of all terms ^ 0) of 

with (/3,7) (^T7i,fc+i, b). Then w^e still have (3)/i;_|-x (as well as (l)/j;_j_]^, 

{2)k+i and (4)fe_|_i). Moreover, gm,k+i and Sm,k+i are algebraic; we explain this 
in Remark |3.2l ll following because the remark will be needed also in the proof of 
Lemma 14.31 

This completes the proof of Lemma lOI □ 

Remarks 3.2. (1) Given am = gm,k+i+u^’^''‘+'^Sm,k+i as well as gm,k+i and Sm,k+i, 
as above, let Q and R denote the quotient and remainder of am (respectively) after 
division by the monomial u'*™++i. (This means that, formally, R is the sum of all 
terms of gm,k+i which are not divisible by w‘*'"’*’+L) Then Q and R are algebraic. 
Moreover, gm,k+i = R and Sm,k+i = Q unless gm,k+i includes a term cu^'"++'^ 
(with nonzero coefficient c). In the latter case, 6m,k+i is linearly dependent on 
and gm,k+i = R-b cu'*'"++i, Sm,k+i =R-c. 

(2) Theorem ll.2l savs that, under the assumption that all log Fitting ideals Fk{<j) 
are principal, we get Hsiang-Pati coordinates at every point oi X, as in Conjecture 
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11.11 according to the proof of Theorem II.21 it may happen that the first differential 
monomial according to the order in condition (3) of the latter is d{u^^vi). In 
practice, we will principalize J^q using Theorem 12.41 and then try to principalize 
J-n-i, J-n- 2 , ■ ■ ■ inductively. The resulting ordered list of differential monomials 
will always begin with either u°‘^ or vi (see Theorem 13.61 belowl. 

One can add to Conjecture II.II the condition that each be linearly dependent 
on all preceding ai in the ordered list. See also [22]. Given Hsiang-Pati coordinates 
as in Conjecture 11.11 one can obtain the additional condition at least locally, by 
further admissible blowings-up over E if necessary. We do not know of a situation 
where the stronger condition is needed, but it may simplify proofs. 

(3) Lemma 13 .1 1 includes. in particular, the statement of Theorem 11.21 locally at 
a point a G JC. Since Lemma |3.1f ll is an open condition, the lemma implies that 
Hsiang-Pati coordinates at a point of X induce Hsiang-Pati coordinates at nearby 
points. 

3.2. Logarithmic rank and principalization of Fitting ideals of low-order 
minors. In this section, we assume that Xq is a complex-analytic variety or an alge¬ 
braic variety over an algebraically closed field of characteristic zero. The results also 
hold, however, for a real-analytic variety or an algebraic variety over an arbitrary 
field of characteristic zero (see Remark lT5]) . Let a : {X,E) —)• {Xo,Yo := SingXo) 
be a resolution of singularities of Xq. In particular, o'*Iyq is a principal iij-monomial 
ideal. Set 

p := maxlogrkcr = dimlo, 

E 

and, for each k = 0,... ,p, set 

Yk ■■= {a G E : logrkaCr <p-k}, 

Yk := cr(Sfc). 

Since cr is proper, each Yk is a closed subvariety of Xq, and 

SingXo = YqDYiD ■■■DYp. 

Define 

:= ideal of Yk in Oxo, k = 0,...,p. 

Lemma 3.3. After further admissible blowings-up over Yq if necessary, we can 
assume that, for each k, Yk = a~^{Yk), Yk\Yk+i is smooth, and o'*Xy^, is a principal 
monomial ideal. 

Remarks 3.4. (1) It follows from the lemma that, for each k, logrku = p — k on 
Xik\Xik+i ■ 

(2) The condition that <J*Ty^, be a principal monomial ideal is not stable under 
admissible blowing-up. 

Proof of Lemma\3f^ Yq = SingXo, so that Eg = suppLl = cr“^(yo) and (t*Iyo is 
a principal monomial ideal with support Yq. 

Of course. Si C Sq. Set 

Yi' := (t(Ei) U SingYo- 

Then dimY/ < p — 1- By resolution of singularities, after further admissible 
blowings-up with centres over Y/ (i.e., in the inverse image of Y/), we can as¬ 
sume that cr*lY{ is a principal monomial ideal. Then Ei = supp(t*Xyy = a~^{Y(), 
Yi = Y/ and Yo\Yi is smooth. 
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Again, S 2 C Si. Let 

Y 2 := cr(S 2 ) U Sing Yi. 

Then dim Y 2 < P ~ 2. After further admissible blowings-up with centres over Y 2 , 
we can assume that cf*Xy^ is a principal monomial ideal. Then S 2 = supp = 

a~^{Y 2 ), Y 2 = Y 2 and Yi\Y 2 is smooth. Moreover, it is still true that <j*Ty^ is a 
principal monomial ideal. Si = supp( t*Xyj = a~^{Yi), and Yo\Yi is smooth. 

We can continue in the same way to prove the lemma. □ 

Remark 3.5. If Xq is a real-analytic variety, or an algebraic variety over a field that 
is not algebraically closed, then the a{Yk) need not be closed varieties. The proof of 
Lemma [33] goes through, however, provided that each cr(Sfe) lies in a closed variety 
of dimension = dk '■= max{logrka(J : a G S^,}; in this case, we can simply replace 
each Yl in the proof by the smallest closed subvariety of Y^-i containing cr(Sfc) U 
SingYfe-i. The preceding condition holds in the algebraic case, in general (cf. [T^l. 
It holds in the real-analytic case because Xq has a complexification Xq [21], and 
a is induced by a resolution of singularities cr"' : {X^, E'^) —>■ (Xf, SingXQ ) of Xq 
(in particular, a'^ is proper). Lemma [33] applies to In the proof of Lemma 
in the real case, we can take Y^ to be the real part (i.e., the invariance space with 
respect to the canonical autoconjugation) of a union of components of (T)f)'; cf. 
[TSl Sect. 2]. 

Theorem 3.6. Let a : {X,E) —>■ {Xq,Yq := SingXo) denote a resolution of singu¬ 
larities of Xq satisfying the conclusion of Lemma \S.S\ (We use the notation at the 
beginning of the subsection.) Let a € E, and let r := logrkacr. Then, for any local 
embedding Xq ^ Mq (at a) in a smooth variety Mq, we can choose coordinates 
{u,v) = {ui,... ,Us,vi,... ,Vn-s) adapted to E for X at a = 0, and coordinates 
z = (zi ,..., zat) for Mq at <j{a), with respect to which, if a = (cti, ..., <Jn), then 

CTi = Ul, . . . , ar = Vr, CTr+l = 

where ai € N®, Ty^_,. is generated by Zr+i,..., zn at a(a), and a*lYp-r generated 
by (Tr+i = er*{.Zr+i) at a. 

Proof. Let Ei, i = 1,..., s, denote the components of E at a. We call f^Ei the 
stratum E{a) of a (cf. 12.21) . We can assume that 

t 

supp= y Ei, 

at a, where t < s. Then logrk{,cr = r, for all b G Ul^iEi near a. 

Let z = (zi,...,ZAr) denote coordinates for Mq at a{a). It follows from the 
implicit function theorem that, after permuting the Zj if necessary, we can choose 
coordinates {u,v) = (ui,... ,Us,vi,... ,Vn-s) for X adapted to i? at a = 0, such 
that {vi,..., Vr) forms part of a system of coordinates for E(a) at a, and 

(1) (TX = Vi, . . . , (Jr — '^r Rt O', 

(2) for each j > r, Oj = (Jj{vi,..., Vr) on Ei dX a, i = 1,... ,t. 

Since Yp_r is smooth at cr(a), then Zj — <Jj(zi ,..., Zr), j > r, generate the ideal 
of Yp-r at a. After a coordinate change 

Zj := Zj -aj{zi,...,Zr), j > r, 
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we can therefore assume that Zr+i, ■ ■ ■ ,zn generatelYp_^ at a(a) (so that dr+i, ■ ■ ■, on 
generate at a). Since the latter is a principal monomial ideal, we can also 

assume that CTr+i = , as required. □ 

The following is an immediate consequence of Theorems 12.4111.21 and 13.61 

Corollary 3.7. Coniecture \l.l\ holds in the case that dimXo < 2. 

4. INVARIANT OF A LOGARITHMIC FITTING IDEAL 

We use the notation of Section [H Let a : {X,E) —>• (Xo,SingXo) denote a 
resolution of singularities of Xq, n = dimXo. 

Definition 4.1. Given k = 0,... ,n — 1 and a € X, let TZk,a denote the residual 
ideal of Fk{cr)a in Ox,a, i-e., Xk{cr)a = ' T^k,a, with the /r, e N as large as 

possible, where {Eq} denotes the set of components of E and lu, is the ideal sheaf 
of Eq. Let pk{a) denote the order of Tik,a in the local ring Ox,alJ2aGE ^Eg,a (cf. 

[51 Sections], [TTJ Section2]; pk{a) := oo if and only if TZk,a = 0 in the preceding 
local ring). 

The following lemma lists several properties of the basic invariant pk (a) that are 
all either clear or easy to prove. 

Lemma 4.2. (1) 0 < pk(a) < oo. 

(2) pk{a) = 0 if and only if Ek{cr)a is a principal monomial ideal. 

(3) Pk is upper-semicontinuous in the Zariski topology of X. 

(4) If a is an n-point, then Pk{a) = 0 or oo. 

(5) If fi : {X',E') {X,E) is a combinatorial blowing-up and a' G 

then pk{a') < pk{a). 

We will only need pk in the case that A: = n — 2 in this article; i.e., for the 
log Fitting ideal of 2 x 2 minors. Write p := Pn- 2 - Lemma [4.31 below extends in a 
straightforward way to Pkifi), for any k, with the assumption that the Fitting ideals 
En-i{<j)a, Xn- 2 {'^)a, ■ ■ ■, X-k+i{(T)a are all principal monomial ideals. We present 
the lemma only in the case needed for the remainder of the paper, in part so that 
we can fix notation that will be used in the following sections. 

Lemma 4.3 (Weierstrass form). Let a G suppi? be an s-point (1 < s < n). 
Suppose that En-i(cr)a is a principal monomial ideal and that logrkatr = 0. Then: 

(1) Let Mq denote a local embedding variety for Xq at a{a). Then there are 
adapted local coordinates {u,v) = (mi, ... ,Us,vi,... Vn-s) for X at a (where 
the {uk = 0) are the components of E at a), and local coordinates z = 
(zi,..., zx) for Mq at a(a) with respect to which the components ai of a 
can be written 

ai=M“, aGN", 

(4-1) 

ai = gi{u)-lu^Ti, t = 2,...,N, 

where divides all Oi, each gi and Ti is analytic (or regular), each dgi is 
in the submodule generated by du°^, the Ti are not simultaneously divisible 
by any Uk, and 5 is linearly independent of a if some Ti is a unit. 
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(2) Given coordinates as above in which (j4.ip satisfied, let 

d = d{a) := min{|7| : 7 G and d^Ti is a unit, for some i}. 

Then 

(a) p(a) < 00 if and only if d{a) < 00 ; 

(b) p{a) = 0 if and only if d{a) = 0 or 1; 

(c) i/0 < p{a) < 00 , then d{a) = p{a) + 1. 

(3) Suppose that 0 < p(a) < 00 . Then there are adapted coordinates {u,v,w) = 
{ui,..., Us, v,wi,... Wn-s-i) for X at a and coordinates z = (zi,..., zat) 
for Mq at cr(a) with respect to which the components <7i of a can be written 

as in 63D with 


d-l 



(4.2) 


where T 2 is a unit that we will also denote U, 02,d-i = 0, and all monomials 
of order < d+ |i5| in the formal expansions of the vfTi at a, i = 2,..., N, are 
“linearly independent” of u°‘ (i.e., have exponents with respect to {u,v,w) 
that are linearly independent 0 /( 0 ;, 0,0). 

Proof. It is easy to obtain (1), where the formal expansion of each gi at a is a sum 
of monomials where each ,8 is a rational multiple qa, q > 1 (see Remarks 12.11 
and l3.2r ill. 

In (2), if c? = 0, then <5 is linearly independent of a and Ti is a unit, for some 
i; say i = 2. Then, after a coordinate change, we can assume T 2 = 1, so that 
J'n_2(cr)a is generated by If d = 1, then, after a coordinate change, we can 

assume T 2 = vi, and again Xn- 2 {or)a is generated by On the other hand, 

(a) is clear and it is easy to see directly from the log Jacobian matrix of cr that 
the residual ideal Tla of J-n- 2 {(j)a is generated modulo J2aeEk ^Ek,a by the partial 
derivatives dy^Ti, i = 2,...,N, I = 1,... ,n — s, together with {apSq — aqSp)Ti, 
i = 2,..., N, p,q = 1,... ,s. It follows that, if d > 1, then p{a) = d — 1. 

Given (BID, after a permutation of the coordinates (zi,..., zat) and a generic 
linear coordinate change in u = {vi,... ,Vn-s), we can write the Ti in the form 
where T 2 = C/ is a unit, if we allow the sum in T 2 also to go from j = 0 to 
d — 1. Then we can eliminate a 2 ,d-i by completing the dth power with respect to v. 
The final condition in (3) can be obtained by “moving” the lower order monomials 
of (the formal expansions of) the u^Ti that are rational powers of vP to the gi. □ 


5. Three-dimensional case: outline of the proof 


In this section, we outline the proof Theorem 11.31 which will be completed in 
Sections 6, 7 following. Assume that dimAo = 3. By Theorems 12.41 11.21 and 
[m there is a resolution of singularities a : {X,E) —>■ (Ao,SingAo) such that 
Xo(cr), ^2(17) are principal monomial ideal sheaves and, moreover, if a G suppA 
and logrkacr > 0, then Xi(a)a is also a principal monomial ideal. We will make 
(a) a principal monomial ideal sheaf by admissible blowings-up that preserve the 
preceding conditions on a. Recall that combinatorial blowings-up, in particular, 
preserve these conditions iLemma 12.31 2')'). 
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The blowings-up that we use to principalize T\ {a) will have the additional prop¬ 
erty that logrktT is identically zero on the image in X of every centre (or, equiva¬ 
lently, that every centre of blowing up lies over supp J^2(o’)). Thus we will blow up 
only over a discrete subset of Xq. 

We will say that a is resolved if -Fi(tT)a is a principal monomial ideal; i.e., p{a) = 
0. Our proof of Theorem II.31 has three main steps: 

Step 1. Reduction to the case that p{a) < oo, for all a. 

If 0 < p{a) < 00 and logrkacr = 0, then the conclusions of Lemma l43l 3l hold; 
in this case, we will say that cr is in Weierstrass form at a. 

Note that the set of 2-points forms a collection of curves (“2-curves”) each given 
by (a connected component of) the intersection of precisely two components of E. 
A 2-curve either is closed or has limiting 3-points. By Lemma |3.31 we can assume 
that, throughout each 2-curve, either logrkcr = 0 or logrkcr = 1. A 2-curve on 
which logrkcr = 0 is relatively compact. By Theorem 13.61 p = 0 on every 2-curve 
where logrkcr = 1. 

Lemma 5.1. By combinatorial blowings-up (more precisely, by composing a with 
a morphism r : {X, E) —^ (X, E) that restricts to a finite sequence of combinatorial 
blowings-up over any relatively compact open subset of Xq ), we can reduce to the 
case that 

(1) p(a) < oo at every point a (and, therefore, by Lemma \4-3\ we can choose 
coordinates at every nonresolved point a and its image cr(a) in which a has 
Weierstrass form); 

(2) p is generically zero on every component of the set of 1-points, and on every 
2-curve. 

In particular, in this case, the set of nonresolved points comprises isolated 2-points, 
isolated 1-points, and closed curves that are generically 1-points. Moreover, t can 
be chosen so that no centre of blowing up includes points over a 2-curve in X where 
p = 0 (in particular, every centre lies over the locus (logrkcr = 0 )). 

The proof of Lemma [5T] following involves repeated blowings-up of 2-curves and 
3-points. The last assertion of the lemma is important in the case of (not necessarily 
compact) analytic varieties because it means that only relatively compact 2-curves 
will be blown up, and this will imply that only finitely many blowings-up will be 
needed over a given 2-curve in X. In fact. Lemma |5 .1 1 involves only finitely many 
blowings-up over each point of the discrete subset T of Xq given by the image of 
(logrkcr = 0). 

Proof of Lemma \5.1\ It is clear that p{a) < oo at every 1-point a. It follows from 
Lemma 14.31 that p is generically zero on every component of the set of 1-points. 

Recall we can assume that logrkcr is constant (either 0 or 1) on every 2-curve 
in X, and p = 0 on every 2-curve in X where logrkcr = 1. 

Three-points are isolated. It is also clear that, by combinatorial blowings-up, we 
can reduce to the case that p(a) = 0 at every 3-point a. (The blowings-up involved 
have centres that are 3-points or closures of 2-curves, but it is unnecessary to blow 
up 2-curves that are already resolved; i.e., on which p = 0.) It follows that p is 
generically zero on every 2-curve with a 3-point a as a limiting point. 

Suppose that a is a 2-point. If p(a) < oo at a 2-point a, then p is generically 
zero on the 2-curve containing a, again by Lemma |4.3I A blowing-up with centre 
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given by the intersection of two components of E is combinatorial. If p(a) = oo, 
then we can reduce to the case that p < oo over a by finitely many such blowings- 
up (since the effect of such blowings-up is to principalize the ideal generated by 
the coefficients aij{ui,U 2 ) of formal expansions Ti = '^2)^’'^ at a; cf. 

Lemma l4.3|) . It therefore follows that we can reduce to p < c» on every 2-curve, by 
a locally-finite sequence of combinatorial blowings-up. □ 


Step 2. Reduction to prepared normal form. 

The following lemma 15.21 will be proved in Section [B] 


Lemma 5.2 (Prepared normal form). Suppose that p{a) < 00 , for all a G X (and 
that p = 0 on every 2-curve with non-compact closure; cf. Step 1 above). Assume 
that p takes a maximum value pmax > 0, and let E C X denote the closed subset 
on which p takes the value Pmax (so that E C suppi^j. Then, by a (locally) finite 
sequence of admissible blowings-up over (logrkcr = 0), we can reduce to the case 
that, for every point a € T,, a has the Weierstrass form of Lemma \).3\ where the 
coefficients Qij satisfy the following additional conditions. 

(1) At a 2-point a, with adapted coordinates (u, v) = {ui, U2,v), where supp E = 

{uiU2 = 0 ), 


(5.1) 


Oij =vf'^dij{u), i = 2,...,N, j = l,...,d-l, 
aiofl=u^, for some io, 


where each dy is either zero or a unit, S ^ is linearly independent of a, 
and divides Oio, for all i. 


(2) At a 1-point a, with adapted coordinates {u,v,w), where suppi? = (u = 0), 
Oij = u^'^w^'^aijfu, w) i = 2,..., N, j = 1,... ,d — 1, 

(^■2) ft J, 

0 * 0,0 = ww, for some iq, 

where each dij is either zero or a unit, and divides Uio, for all i. 

The blowings up involved do not increase the value of p over any point. 


We will say that a is a prepared 2-point (resp., a prepared 1-point) if a has 
Weierstrass form (14.2p at a, where the coefficients are given by (I5.1|l (resp., (15.21) 1. 
with respect to suitable adapted coordinates at a. In either case, we will also say 
that a has prepared normal form at a. At a generic prepared 1-point, all Sij = 0 
in ( 1521 ). Points where not all Sij = 0 will be called non-generic. 

Remark 5.3. Suppose that Pmax > 0. Then all points of the maximum locus E of 
p are unresolved and, if a has prepared normal form at every point of E, then (the 
closure of) any curve of 1-points in E has only normal crossings with respect to 
2 -curves. 


Step 3. Further admissible blowings-up to decrease the maximal value of the 
invariant p. 

Lemma 15.41 following is the subject of Section [3 Theorem 11.31 then follows by 
induction on the maximal value of p. 


RESOLUTION OF SINGULARITIES OF THE COTANGENT SHEAF 


19 


Lemma 5.4. Assume that p{a) < oo, for all a G X, and that p takes a maximum 
value pmax > 0 on X. Let E C X denote the maximum locus of p. Suppose that 
fj has prepared normal form at every point a G T, (see Lemma \5.Sf) . Let A denote 
the discrete set of all non-generic points of Yi (i.e., all 2-points and non-generic 
1-points ofTj). Then there is a morphism r : (X,E) —^ (X,E) given by a locally 
finite sequence of admissible blowings-up over E such that p < Pmax throughout X. 
Moreover, r can be realized as a composite t = o t2 oti, where 

(1) Ti : (Xi,Ei) —>■ {X,E) is a single blowing-up with centre A; 

(2) T 2 '■ {X',E') {Xi,Ei) is the composite of a locally finite sequence of ad¬ 
missible blowings-up {Xi+i,Ei+i) —>■ {Xi,Ei), i > 1, with centres Yi\Ai, 
where E^ is the maximum locus of p and Ai the preimage of A in Xi; 

(3) T 3 : {X,E) (X',E') is the composite of a locally finite sequence of 

blowings-up with centres over A. 

Proof of Theorem M.A The theorem follows from Lemmas 15.1115.21 and 15.41 by in¬ 
duction on the maximal value of p, at least for X on which p assumes a maximum 
value (e.g., algebraic varieties or the restrictions of analytic varieties to relatively 
compact open sets). Theorem 11.31 follows for analytic varieties, in general, because 
the preceding lemmas show that, if we start with a resolution of singularities a as 
at the beginning of this section, then p can be everywhere decreased to zero by 
finitely many blowings-up over each point of the discrete subset T of Xq given by 
the image of (log rk cr = 0). □ 


6. Prepared normal form 


In this section, we prove Lemma lS^ The proof is by induction on pairs (p(a), (•(«)) 
(ordered lexicographically), where c(a) is a secondary invariant with values in N, 
introduced in the following subsection. 


6.1. Secondary invariant. Suppose that cr has Weierstrass form (|4.2() in adapted 
coordinates (u,v) at a 2-point a; respectively, in adapted coordinates {u,v,w) at a 
1-point a. For each i = 2,..., N, write 


^^l\{v—Q) t\ do'i\(^y—Q'j — d(u ) A d(u G.jo(^)) 

dui du2 
= H,{u) - A-; 

Ml U 2 


respectively, 

do-i|(„^o) Adcri|(^=o) = rf(u“) A d{u^a^o{u,w)) 

TT ! \du , 

= n-i[u, w )— A dw. 
u 

In either case, let TLa denote the ideal generated hy Hi, i = 2,N, in the local 
ring of {v = 0) at a. 


Remarks 6.1. TLa is the log Fitting ideal of 2 x 2 minors of the morphism cr|(„=o) 
at a. Blowing up of the point a in (m = 0) is admissible for Fl|(„=o)- If is a 
principal monomial ideal (i.e., generated by a monomial in components of i?|(i,=o))j 
then, by Theorem 12.41 and Lemma l3.11 cr|(„=o) can be written in Hsiang-Pati form 
dcril(^^o) = d{u°‘) (resp., dfuT)), and ai„^o = (resp., u^w), for some Iq, where 
(resp., M^) satisfies the additional conditions given in Lemma [521 
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Let Ga denote the ideal 



where J := ^ 0, i = 2,... ,N, j = 1,... ,d - 1}. 

Remarks 6.2. (1) Since Ga is an ideal of functions in two variables, it follows 
from resolution of singularities that, after a finite number t(a;u) (respectively, 
i(a; (m, w))) of blowings-up of discrete sets (beginning with a and) lying over a, 
the pull-back of Ga is a principal ideal generated by a monomial iP (resp., iPw^) 
with respect to adapted coordinates u (resp., (ft, w)) at any point over a. (At each 
step, the centre of blowing-up is the finite set of points over a at which the pull-back 
of Ga is not already a principal ideal generated by such a monomial.) Note that 
the blowing-up of {v = 0) with centre a corresponds to the blowing-up of X with 
centre {u — 0 ) (resp., (it = rc = 0 )). 

( 2 ) In particular, multiplication of Ga by a monomial in components of the 
exceptional divisor does not change the value of i{a;u) (resp., t(a; {u,w))). 

Definition 6.3. Let t(a) denote the minimum of t(a;u) (respectively, 1 ( 0 ; {u,w))) 
over all adapted coordinate systems {u,v) (resp., {u,v,w)) at a in which a has 
Weierstrass form. 

Of course, Ha and Ga themselves depend on the coordinates in Weierstrass form. 

Lemma 6.4. If t{a) = 0, then a has prepared normal form at a. 

Proof. Assume that t(a) = 0. Then we can choose adapted local coordinates in 
which each coefficient a^, j > 0, in (14.2p is a monomial times a unit as in dSlD 
(resp., (15.21) 1. and Ha is a principal ideal generated by a monomial (resp., u^w^) 
as in Remarks 16.21 In the I-point case, necessarily q = 0 since cr|(i; = 0) has rank 2 
outside supp A (i.e., since the Fitting ideal of 3 x 3 minors of log Jac cr is supported 
in E). By Lemma l3.11 we can choose coordinates also in which the coefficients a^o 
satisfy the conditions of Lemma 15.21 □ 

Lemma 6.5. If t(a) 7 ^ 0, then there is a neighbourhood of a in which {p{h), t{b)) < 
(p(a),t(a)), b^a. 

Proof. This is clear. □ 

6.2. Proof of Lemma 15.21 The lemma will be given by an algorithm presented 
in three distinct cases, beginning with a in Weierstrass form as in Lemma 14.31 

• a is a 2 -point; 

• a is a 1 -point with orda(T'i) = d(a) (where (fPi) denotes the ideal generated 
by T 2 ,... ,Tn and ordo means the order at a); 

• a is a 1 -point where ordo(T'i) < d(a). 

The third case is the most delicate. 

6.3. Case that a is a 2-point. 

Lemma 6 . 6 . Let a € X be a 2-point. Suppose that p{a) > 0, t(a) > 0 and a is 
in Weierstrass form at a (Lemma O- Let C denote the 2-curve through a. Then 
C C (logrktj = 0). Let r : {X,E) —>■ {X,E) denote the combinatorial blowing-up 
with centre C. Then {p{b), t(6)) < {p{a), t(a)), for all b € T~^{a). 
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Proof. Consider a in the Weierstrass form of Lemma 14.31 in adapted coordinates 
{u,v), where d = d{a) = p{a) + 1 and t(a) = b(a]u). Since p{a) > 0, logrkacr = 0. 
Then logrkcr = 0 in a neighbourhood of a in C (by (l4.ip L and therefore on C. 

Let & G r“^(a). If 6 is a 2-point, then, without loss of generality, there are 
adapted coordinates {x,z) = (a;i,X 2 ,z) at &, with E = {xiX 2 = 0), in which r is 
given by 

Ml=Xi, U2=XiX2, V = z. 

If 6 is a I-point, then we can assume that a 2 0, and there are adapted coordinates 
(x, y, z) such that 

ui=x{'q + y), U 2 = v = z, 

where p ^ 0. Thus, if 6 is a 2-point (resp., 1-point), we can write 

r*cri = x“, r*(Ti = x“, 

- resp., 

T*ai = gi{x) T*ai = gi{x,y) + x^Ut*T^, 

i = 2,..., iV, where d = (ai -I- a 2 , a 2 ), S = (Si + 62 , S 2 ) (resp., a = ai + a 2 , 
5 = i5i -I- 62 , and U = (p + y)^i-'52“i/“2 jg unit). 

In either case, 

d-i 

r*r, = + i = 2,...,N, 

3=0 

where 6 ^ = T*aij and 6 ^ = bij(x) (resp., bij = bij{x,y)). Clearly, in either case, 
p{b) < p(a). 

Moreover, in either case it follows from Lemma 12.31 11 that TLb = T*'Ha, so 
that Qb = T*Qa] therefore, i(5) < t(a) and then {p{b),i(b)) < {p{a),L(a)), by the 
definition of t (see Remarks E21). □ 

Remark 6.7. Lemma |5. 21 in the case that a is a 2-point thus follows directly from 
resolution of singularities of the ideal Ga- If a is a 1 -point, then blowing-up (u = w = 
0) (with respect to adapted coordinates as in Lemma lT3ll likewise gives {p{b), i(b)) < 
(p(a), t(a)), for b G T~^(a). This can be used to prove a local version of Lemma 1??^ 
but the centre (u = w = 0) need not have a global meaning in X . The challenge in 
S 116.4116.51 is to decrease the value of the invariant (p, l) by global blowings-up only. 

6.4. Case that o is a 1-point with orda(T)) = d(a). 

Lemma 6.8. Let a G X be a 1-point. Suppose that p(a) > 0, t(a) > 0, and <j 
is in Weierstrass form at a (Lemma in adapted coordinates (u,v,w), where 

orda(Ti) = d(a) = p(a) -\- 1 and i(a) = i(a; (u, w)). Let r : (X, E) —)• (X, E) denote 
the blowing-up with centre a. Then (p(b),b(b)) < {p(a),b(a)), for all b G r“^(a). 

Proof. We again write the components of a using the notation of Lemma 14.31 We 
consider three cases, depending on the coordinate chart of X containing b. 

Case 1. The point b belongs to the u-chart. This chart has adapted coordinates 
(x, u, w) in which t is given by 

u = x, V = XU, w = xw, 


22 


A. BELOTTO, E. BIERSTONE, V. GRANDJEAN, AND RD. MILMAN 


and b G {x = 0); say, b — (0, uj). Since orda(T^) = d, 

r*f7i = 

r*(7^ = gi{x) + z = 2,..., A^, 

x^ 

and each 

( 6 . 1 ) =v‘^T*fi + y^bij{x,w)v^, 

^ j=o 

where each 6 ^ = T*aij. It is clear from (jh.ip that, if 7 ^ 0 , then d{b) < 
d(a) — 1 < d{a) (recall that T 2 = [/ is a unit). Assume that ^ = 0. Then d{b) < 
d{a), by (16.11) . Moreover, it follows from Lemma 1^31 11 that Hb = x ■ T*'Ha, so 
that Qb = x'^ • T*0a, where q = 1 — E(i j)gj('^ “ j)) therefore, i(5) < i(a) and 
(p(6),t(6)) < (p(a),t(a)). 

Case II. The point b belongs to the w-chart, but not to the u-chart. The w-chart 
has adapted coordinates (u, cc, v), where A = (ft = a; = 0 ), in which 

U = XU, V = XV, w = X, 

and b = (0, 0, ly). Similarly to Case I, 
r*tTi = x^iC, 

= 9 i{xu) + i = 2 ,..., A^, 

x^ 

and 

btj {u, x)v^, 

* i=o 

where bij = T*aijlx'^~C li 1 / 0, then d{b) < d{a) — 1 < d{a). Assume 1 / = 0. 

Then d{b) < d{a), and Hb = x ■ HHa, by Lemma [5)31(1). Again, Qb = x'^ ■ T*Qa, 
with q as in Case I, and {p{b),L{b)) < (p(a),i(a)). 

Case III. The point b belongs to the v-chart, but not to the u- or w-charts. The 
u-chart has adapted coordinates {u, x, w), where if = (u = a: = 0 ), in which 


u = XU, V = X, w = xw, 
and b = (0,0, 0). In the same way as before. 


T*CTi = x°‘u°‘ 


T*ai = gi{xu) + u°x 


S 5 -\-d 


t*T, 


i = 2,...,N, 


and 


t*T,, 


d-l 

= T*Ti + y^bij{u,x,w), 

3=0 

where each bij{u, x, w) = aij{xu, xw)/x‘^~C^ in particular, all &ij(0,0, 0) = 0. Hence 
T*T 2 /a;'^ is a unit at b and, moreover, {6,6 + d) is linearly independent of {a, a) 
(since d = d{a) yf 0). Therefore, d{b) = 0, so that p{b) = 0. □ 
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6.5. Case that a is a 1-point with orda(Ti) < d{a). Let a G be a 1-point. 
Suppose that p{a) > 0, i(a) > 0, and tr is in Weierstrass form at a fLemma l4.3|) . 
in adapted coordinates {u,v,w), where orda('ri) < d{a) = p{a) + 1 and i(a) = 
i(a; {u,w)). Set p := orda(Ti). We rewrite (14.21) as 

d-l / d-l \ 

(6.2) Ti = '^u°‘'’’Pik{u,v,w) + \ , i = 2,...,N, 

fc=M \ i=o / 

where C 2 ,d-i = 0, ordaCy > d — j, for all i, j, and u°''’‘Pik is a homogeneous 
polynomial of degree k such that either Pik = 0 or Pik{0,v,w) ^ 0 (i.e., Pik is not 
divisible by u), for alH, k. 

Remark 6.9. For all i, k such that Pik ^ 0, we have 0 < aik < k. The left-hand 
inequality is clear from the definition of p{a). On the other hand, if atk = k, then 
u°‘''‘Pik{u,v,w) = 0, 0) is a monomial of degree < d; since aik is trivially 

linearly dependent on a, this would contradict the definition of Weierstrass form. 

Let mx,a denote the maximal ideal of Ox,a and let / ;= {{i,k) : Pik ^ 0}. Let 
J denote the ideal 

Clearly, V{J) = {a}. 

Lemma 6.10. Let a € X be a 1-point. Suppose that p{a) > 0, i(a) > 0, and a 
is in Weierstrass form at a (Lemma |^.(?[ ), in adapted coordinates {u,v,w), where 
p = orda(T'i) < d{a) = p{a) 1 and i(a) = (.(o; (u,w)). Then there is a morphism 
T : {X,E) —>■ {X,E) given by a sequence of admissible blowings-up that principalizes 
J, such that 

(1) T is an isomorphism over X \ {a}; 

(2) (p(6), t(6)) < (p(a), 6(a)), for all b G r“na)- 

Proof. Let n : {Xi^Ex) —)> {X,E) denote the blowing-up with centre the point a, 
and let T 2 : {X, E) —)• {Xi,Ei) denote a morphism given by admissible blowings-up 
that principalizes t(J. Set t = ti o r 2 . Clearly, r is an isomorphism over X \ {a}. 
Let b G T~^{a). 

We write the components of a using the notation of dSSl), and again consider 
three cases, depending on the coordinate chart containing T2(5). 

Case I. The point T 2 {b) belongs to the u-chart of t\. This chart has adapted coor¬ 
dinates {x, V, w) in which ti is given by 

u = X, V = XV, w = xw, 

and T 2 {h) G (cc = 0). It follows that t(J is a, principal monomial ideal in this chart, 
so that T 2 is an isomorphism over the chart. Since orda(T'i) > p, 

r*cri = a:“, 

T(ai = g^{x)-\-x^+f^ i = 2,...,N, 

x>^ 

and each 

d-l / ^ d-l \ 

(6.3) -^77^ = E V, w) x‘^~^ \v‘^T(Ti + '^dij{x,w)v^ , 

^ \ i=o / 
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where each Qik = TiPik/x^ and each dij = P Since < d, there 

exists io such that ^ 0 , and 




= W) + XR{X, V, w), 


for some R. By Remark 16.91 Qig^fj. is a non constant polynomial of degree < 
Therefore, c?(t 2 ( 6 )) < deg Qig^^ < d{a). 

Case II. The point T 2 {b) belongs to the w-chart, but not to the u-chart. The w-chart 
has adapted coordinates (ft, w, v), where if = (u = re = 0 ), in which 

u = uw, V = vw, w = iu, 

and 7 - 2 ( 5 ) G V{u,w). Similarly to Case I, 


T^ai = u°‘w°‘, 


(6.4) 

and each 


* \ X-^Ti 

Ti CTi = gi\UW) + U W ■ —— 

wn 


i = 2,...,N, 


(6.5) 




d-1 


d-1 


= ^Qik{u,v)+w’^ ^ v'^rlTj + dij{u, w)i 


k—fi 


j=0 


where each Qik = xlPik/w^ and each dij = rlcij/w’^ P Then, for each i,k, 
either Qik = 0 or there exists jik < k such that: 


iifc-i 


( 6 . 6 ) 


Qik^hjV^ — Qi.jih^k T ^ ( U^Qijk P uRikiu^V^ 

j =0 


where Qiji,,k is a nonzero constant. 

Moreover, r* J is the ideal 

r* J = (i, fc) G /) , 

and principalization of is equivalent to principalization of K, := w~^ ■ 

Since J is generated by finitely many exceptional monomials in two variables, 
T 2 : {X,E) —)• (Xi,ifi) is a composite of combinatorial blowings-up, over the re- 
chart. We consider two subcases, depending on whether 5 is a 2-point or a 1-point; 
each of these subcases will be divided into further subcases, depending on which 
generator of )C pulls back to a generator of the principal ideal r^/C. 

Subcase ILL The point b is a 2-point. There are adapted coordinates {x,z) = 
{xi,X 2 , z) centred at 5 such that E = (xiX 2 = 0) and 

u = x^^, w=x^^, V = ( + z, 

where Ai,A 2 are Q-linearly independent. By (16.4L 

rVi 

(6-7) 


T ai= g. 


(x) -f 


i = 2,...,N. 
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Subcase II. 1.1. The ideal t^JC is generated by , where = (c? — /i)A 2 . 

Then 

^ = (C + z) Vf. + ^ &.,(z)(C + zy, ^ = 2,...,N, 
j=o 

where bij = . 

Clearly, if C 0, then d{b) < d—1 < d{a). Suppose that C = 0. Then d{b) < d{a). 
Moreover, by Lemma(2), Hb — ■ t* Ha, so that 


Qb 


(iJ)eJ 


therefore, b(b) < t(a) and {p{b),L{b)) < {p{a),L{a)). 


Subcase II.1.2. There exists io and ko (where fi < ko < d) such thatr^lC is generated 
by where /8 = ai„^ko^i + {ko — p,)X 2 . By (j6.5L 

T*Ti ~ ~ 

X^+U^2 ~ Qw.koix, z) + R{x, z), 

where Q^o,ko = T^QioM ^nd R{0,z) = 0. By (gJl), 

_ io-i 

Qio,ko — Z^°Qigjg^ko T ^ ^ z:^Qio,j,ko TX ^ Rig^koi^i z), 

1=0 

where jo = jig^ko- If Jo > 0i then d{b) < jo < ko < d{a). On the other hand, if 
jo = 0, then, by (|6.7I) . 

T*rr — h- It-I -L t(^+“»oAo)'^i+0+^o)-^2 . ^ ^^0 ■ 

T (Jig - grgyx) 2 .^+mA2 ’ 

since Uig^kg < ko and Ai, A 2 are linearly independent, we conclude that d{b) = 0 < 
d{a). This completes Subcase II.l. 


Subcase II.2. The point b is a 1-point. There are adapted coordinates {x,y,z) 
centred at b such that E = {x = Q) and 


u = x^^{rj + y) \ w = x^^{r]y), v = (-\-z, 
where 77 7 ^ 0. By (|6.4I) . 

rVi = 

( 6 . 8 ) 


T*ai = giix,y) + 


t*H 

rpflX2 


i = 2,...,N. 


Subcase II.2.1. The ideal is generated by r^iw^ (77 + ?/)'^ Then 

= {C + zfiv + yfT*f, + '^b,j{x,y){C + zy, 7 = 2, ...,7V, 

1=0 


where bij = r^iw^atj)/x'^^^. Since 77 7 ^ 0, it is clear that, if C 7 ^ 0, then d{h) < 
d — 1 < d{a). Suppose that C = 0- Then d{b) < d{a). As above, Hb = x^^ ■ T*Ha, 
and 


Gb = x^^ 


n 

(i,i)&j 


1 

xP+(u-l)>'2 


T*g, 


so that {p{b),L{b)) < (p(a),t(a)). 
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Subcase II.2.2. The ideal t^K, is not generated by ^). Then there exists 

{i,k) € I such that generates t^K.. Set 

A := {{i,k) € I : generates t^IC}. 


Note that, if (i, ki), {i, ^ 2 ) G A, then Xia^^ki +X2{ki- fi) = Xiai^k 2 + X2{k2—fJ.) = /3, 
say, so that 


(6.9) 

From (16.81) . we rewrite 


— ^i,k2 (^2 ^ 1 ) , 

Al 


T*ai = g^{x, y) + a;^^i+('5+A‘)^2+/3 . 

For each i, let A^ := {k : (i, k) G A}. By (16.5L 


t*T, 

p/iA2+/3 


( 6 . 10 ) 


t*T,, 


^/j.A2 +/3 


h= + °‘''‘{T2Qtk){x,z) + xRi{x,y,z). 


keAi 


We claim that, for each i, the exponents k — aik in (16.101) are all distinct. Indeed, if 
ki — ai^ki = k 2 - ai^k 2 , where (*,fci), (^,^ 2 ) G A, fci ^ ^ 2 , then Ai = —A 2 , by (16.91) : 
a contradiction since Ai, A 2 > 0. 

By (16.6|) . for each {i, k) G A, 


hfc-i 

{T2Qtk){x,z) = {Q + zy''‘Q^J,^^k + ^ {C,+zyQ^Jk+xR^k{x,y), 

j=o 

where ^ 0. Set jo := max{jife : (i, k) G A} and 

F := {(z, fc) G A : jik = jo}- 


We can rewrite (I6.10|) as 


^^A2+/3 = XI + X +a;l?*(a:,y,z), 

fcePi j=o 

where F^ := {k : {i,k) G F}. 

Recall that the k — aik, ^ G F^ are distinct. Choose zq such that Fig y 0. We 
consider three subcases of Subcase 11.2.2, depending on jo. 


First suppose that jo = 0. Choose ko such that ko — ai„^ko = max{A: —a^fc : k G Fip}. 
Then 0 < fco — ctia.ko < d and dy° {T*Ti^/x^^'^^d^ does not vanish at 6; 

therefore, d(b) < ko — aig^ko < d{a). 

Secondly, suppose that 0 < jo < y. By ()6.11|) . 

(6-12) dy f Xr+fl ) =-?o' X i'n + yf~°''°'''Q^o,3o,k + xRig[x,y,z). 

Since fj, < k < d in (16.121) . there are at most d — y terms in the sum, with distinct 
exponents. Hence there exists Iq < d — fi such that dy° applied to the sum in (16.121) 
is a unit; therefore, {T*Tig/ is a unit. It follows that d{b) < jo + I0 < 

y + lo < M + d{a) — n = d{a). 

Finally, suppose that y. < jo- If fc G Fi^, then jo < k. So the sum in (16.121) has at 
most d — jo terms, with distinct exponents. As above, there exists lo < d — jo such 
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that dy° applied to this sum is a unit; therefore, dl°d^° (T*Ti ^/is a unit, 
and again d[b) < jo + Iq < jo + d{a) - jo = d{a). 

This completes Case II of the proof of Lemma 16.101 Case III following has a 
similar pattern. 

Case III. The point T2(5) belongs to the v-chart, but not to the u- or w-charts. The 
u-chart has adapted coordinates {u,v,w), where i? = (ft = u = 0), in which 


u = uv, V = V, w = vw, 
and T 2 {b) = 0. Similarly to Case II, 


* ~cx ~(y. 

Tidi = U V , 


(6.13) 
and each 


tIT,, 


Ti Ui = gi{uv) + i = 2,...,N, 

vU 


tJT^ 


d-1 


= ^Qik{u,w) +v^ ^ djj {u, V, w) 


k—fT 


i=0 


where each Qik = T*Pik/v^ “•'= and each dij = Tlcijjv'^ K Then, for each i,k, 
either Qik = 0 or there exists jik < k such that: 

iifc-i 

Qik{u,w) = yj^*'‘Qi,ji^,k + w^Qijk + uRik{u,w) 

3=0 

where Qi,jn,,k is a nonzero constant. 

Moreover, rf JT” is the ideal 

T*J = (i, fc) G J) , 


and principalization of is equivalent to principalization oi 1C := v ^ 

Since J is generated by finitely many exceptional monomials in two variables, 
T 2 : {X,E) {Xi,Ei) is a composite of combinatorial blowings-up, over the v- 
chart. As in Case II, we consider two subcases, depending on whether & is a 2-point 
or a I-point; each of these subcases will be divided into further subcases, depending 
on which generator of /C pulls back to a generator of the principal ideal r^/C. 


Subcase III.l. The point b is a 2-point. There are adapted coordinates (x,z) = 
{xi,X 2 , z) centred at b such that E = {xiX 2 = 0) and 

u = x^^, v=x^^, w = z, 


where Ai,A 2 are Q-linearly independent. By (16.131) . 


rVi 


rV, = 5i(x) 




i = 2,...,N. 


Subcase III.1.1. The ideal is generated by = x^'^ u)X ^ Then 

tV 2 = g2(x) -f • (t*T2/x>^^^^ 


and 


T*T2 


= T*U -f R{x, z), 
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where i?(0, z) = 0 . Since Ai, A 2 are linearly independent and d ^ 0, it follows that 
d(b) — 0 < d(a), so p{h) = 0 < p{a). 

Subcase III.1.2. There exists fo and kg (where p < ko < d) such that t^K. is 
generated by In this subcase, we can show that d{b) < d{a) 

exactly as in Subcase II. 1.2 above. 

Subcase III.2. The point b is a 1-point. There are adapted coordinates {x,y,z) 
centred at b such that E = {x = 0) and 

u = x^^ {py)~^, V = {py), w = z, 
where 77 7 ^ 0. By (16.1311 . 

rVi 

rV, = g,{x, y) + i = 2,..., N. 

Subcase III.2.1. The ideal r|/C is generated by {p yY~^. 

Then 

= [p + yfT*U + '^T*a2jX^^-'^^^^p + yy, 

^ j=o 

and T*a 2 j = a 2 j{x^^~^^^,x^^{p + y)z). Since 77 7 ^ 0, it is clear that d{b) < d{a) — 1. 

Subcase III.2.2. The ideal t|/C is not generated by Then there exists 

(i, k) € I such that generates r^/C. In this subcase, we can show that 

d{b) < d{a) precisely as in Subcase II.2.2 above. □ 

This completes the proof of Lemma 15.21 

7. Decreasing the main invariant 

In this section, we prove Lemma 1?^ and thus complete the proof of Theorem ll.3l 
We continue to use the notation of Sections [S] and ID A sequence of blowings-up as 
in the conclusion of Lemma 15.41 will be called permissible. 

To prove Lemma El we will show that, in general, every prepared point a € 
supp E admits a neighbourhood U over which there is a morphism t : {U, E) —7 
{U, E\u) given by a permissible finite sequence of blowings-up over {p = p{a)), such 
that p{b) < p{a), for all b G U (see Lemmas 17.4117.5117.61 depending on the nature 
of a). Lemma (5.41 clearly follows from this local statement, because the sequence 
of blowings-up in Lemma |5.4f 21 is uniquely determined by the maximum value of 
p. Note that, if a is a generic prepared I-point, then there is a neighbourhood U 
of a over which A = 0, so that a permissible blowing-up sequence means a finite 
sequence as in Lemma I5.4f 2l. 

7.1. Declared local exceptional divisor. Suppose that a has prepared normal 
form (El in adapted coordinates (m, v) at a 2-point a (respectively, prepared nor¬ 
mal form (15.2|) in adapted coordinates (u,v,w) at a 1-point o). Although v (and 
w) are not globally defined, there is a neighbourhood ?7 of a in which {v = 0) (or 
{v = 0) and {w = 0)) are smooth hypersurfaces that we can add to E to obtain a 
divisor D on U. We consider D a “declared exceptional divisor”. The divisor D 
and a corresponding monomial idea I = I{a, a) are defined according to the nature 
of a, as follows. 
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Definitions 7.1 {Declared exceptional divisor and associated monomial ideal). We 
use the notation of Lemma 15.21 

• If a is a prepared 2 point (EB, 

D := E\u + (u = 0) = {uiU2V = 0), 

I := {v‘^, ,u^), 

where will also be denoted (for reasons evident from (15.11) 1: 

• If a is a generic prepared 1-point (' (|5.2I1 with all Sij — 0), 

D := E\ij -I- (w = 0) = {uv = 0), 

I := u^), 

where /3 will also be denoted ri^^o; 

• If a is a non-generic prepared 1-point (15.21) . 

D := E\u -I- (l! = 0) -f (w = 0) = {uvw = 0), 

I := {v^, , u^w), 

where again (3 will also be denoted 

The notation for I in each case above is understood to mean that (I, j) runs over 
the index set J := {(*, j) : 7 ^ 0, I = 2,..., iV, j = 1,..., d — 1}. 

Remarks 7.2. (1) D and I{a,a) depend on the adapted coordinates at a. Never¬ 
theless, if [/ is a small open neighbourhood of a and p{b) = p{a), where b € U, then 
D induces a declared exceptional divisor at b, and I{a, a) induces Z(a, b). 

(2) A blowing-up that is admissible for D is also admissible for E\ir. Suppose that 
T : U U is given by a finite sequence of blowings-up that are admissible for D. 
It D, E denote the transforms of the divisors D, E\ij, respectively, then D = E + 
strict transform of {v = 0) (or D = E + strict transforms of {v = 0) and {w = 0) 
in the non-generic prepared 1 -point case). 

Proposition 7.3. Let a G X and suppose that a has prepared normal form at a. 
Take U, D and T as in Definitions |7.1[ Let t : {U,E) —>■ {U,E\ij) be a sequence 
of blowings-up with centres over supp Alfj that are combinatorial with respect to D, 
and let b G T~^(a). If t*{X) is a principal D-monomial ideal, then t*{I) is also 
E-monomial, and p{h) < p{a). 

Note that the hypotheses of Proposition 17.31 does not exclude {v = w = 0) as 
centre of blowing up (in the non-generic 1-point case). Proposition 17.31 is a purely 
local assertion; we will not claim to principalize T{(J, a) by blowings-up that are 
global over X. The proposition plays an important part in the proof of Lemma 15.41 
but, in the latter, we do not necessarily principalize X{(j,a) at every point b over a 
given a gT, because p may decrease before X becomes principal. 

The proof of Pror)osition l7.3l is a case-by-case analysis which we leave to the end; 
we first complete the proof of Lemma 15.41 
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7.2. Permissible sequences of blowings-up. As indicated above, in order to 
prove Lemma [AU it is enough to show that every prepared point a G supp E admits 
a neighbourhood U over which the invariant p can be decreased by a permissibie 
finite sequence of biowings-up. This wiii be done separateiy in the case that a 
is a generic 1-point, a 2-point or a non-generic 1-point, in the three iemmas 17.41 
17.5117.61 following. In each of these lemmas, U denotes a (relatively compact) open 
neighbourhood of a in which p < p{a), and E := {x G U : p(x) = p{a)}. We assume 
that U is small enough that the declared exceptional divisor D can be defined as 
in t l7.11 and we use the notation of Lemma 15.21 and Definitions 17.11 

Lemma 7.4. Let a be a generie 1-point ofYi. Then there is a finite sequence of 
permissible blowings-up t : (U,E) -G {U,E\ij) which is combinatorial with respect 
to D, such that p{b) < p{a) for all b G U. Moreover, the weak transform of I by t is 
principal except perhaps on EDEl, where IT is the strict transform of El := (r; = 0). 
(The weak transform means the residual ideal after factoring out the exceptional 
divisor as much as possible.) 

Proof. For brevity, we write E instead of E\ij. Note that the unique permissible 
centre of blowing up in U is V{u,v) = {u = v = 0). Let /J,(a) := min{,5,rij -\- )}■ 
We first show that we can reduce to the case p{a) < d. Suppose that p,{a) > d. 
Consider the blowing-up n : {Ui,Ei) -G- {U,E) with centre V{u,v), and let b G 
Tf)^{a). There are two possibilities: 

(1) b belongs to the n-chart, with coordinates {u,v,w) in which ti is given by 
u = uv, V = V, w = w. (The strict transform of H does not intersect this 
chart.) Then rfT is the principal ideal generated by v‘^ at b; therefore, 
p{b) < p{a), by Proposition [731 

( 2 ) b is the origin of the u-chart, with coordinates {x, v, w) in which ti is given 
hy u = X, V = XV, w = w. Then 

( d-l 

v‘^ -I- ^ -\- x^~‘^Tfdio 

i=i 

Clearly, p{b) < p{a) and p.{b) < p,{a) if p{b) = p{a). 

We therefore assume that p,{a) < d. Again let n : {Ui,Ei) -G- {U,E) denote the 
blowing-up with centre V{u,v), let b G rj“^(a), and consider the two coordinate 
charts as above. 

(1) Suppose that b belongs to the u-chart. If 6 7 ^ 0, then {; 7 ^ 0 at 6 , so that 
rCI is a principal ideal generated by a monomial in x, and p{b) < p{a), by 

Proposition [731 On the other hand, if 6 = 0, then 

( d-l 
yd^d-t^ia) 

i=l 

and clearly p{b) < p{a). We remark that, in this case, the weak transform 
of X is supported in E D H. 

(2) Otherwise, b is the origin of the u-chart, where Ei = {uv = 0) and 
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Now, let J denote the monomial ideal on Ui determined by the right hand side 
of (17.ip . and let T 2 be a sequence of combinatorial blowings-up such that is 
a principal monomial ideal. Clearly, r = r 2 o n is a sequence of combinatorial 
blowings-up with respect to i^, and the weak transform of I by r is supported on 
E Cl H. Furthermore, if c G T“^(a), then p{c) < p{a), either by the preceding case 
(1) or by Proposition [731 

Consider a sequence of blowings-up r : (U, E) —>■ (Ui,Ei) that are combinatorial 
with respect to E (e.g., part of the sequence T 2 ). Let b be the origin of the u-chart 
in the preceding case (2), and let c G T~^{b) be a point where t*J' is not principal. 
We will show that p{c) = 00 . 

This implies that we can principalize J by combinatorial blowings-up given at 
each step by the maximal locus of p\ in fact, the locus (p = 00 ): If J is not 
principal at b, then {p = 00 ) is given by the 2-curve (m = u = 0) in (|7.1I1 . After 
each blowing-up with centre (p = cxd), the new locus (p = 00 ) is a disjoint union of 
analogous 2-curves defined in the various coordinate charts. In other words, can 
be principalized by a sequence T 2 of permissible blowings-up. 

To show that p{c) = 00 above: Since t*J 7 is not principal, c must be a 2-point 
of E. Therefore, there are coordinates {x,y) = {xi,X 2 ,y) at c in which r us given 
by 

u = x'^^X2\ ■D = a:^a;2^ w = y, 

so that 

T*v‘^ = = x‘^'\ T*U^ = X^, 


with suitable exponents. Since {ki,K 2 ) and (Ai, A 2 ) are linearly independent, these 
exponents are distinct for fixed i, and all except /8 are linearly independent of a, 
where T*ai = Let fC denote the ideal generated by the coefficients of the 
formal expansions with respect to y of T*Ti, i = 2,... ,N. Note that JC C 
and that each monomial t*v‘^, in t* J appears in the expansion of the 

constant term (i.e., the coefficient of y^) of the formal expansion of r*Ti, for some 
i. Moreover, t*u^ appears in the coefficient of y in T*Tig. It follows that /C is 
principal if and only if t*J is principal. Therefore, p(c) = 00 , as claimed. □ 


Lemma 7.5. Let a be 2-point ofE. Then there is a finite sequence of permissible 
blowings-up t : ([/, E) —> ([/, E) which is combinatorial with respect to D, such that 
p{b) < p(a) for all b € U. Moreover, t can be realized as a composite t = T3OT2OT1, 
where ti is a single blowing-up with centre a, T 2 is the composite of a finite sequence 
of permissible blowings-up as in Lemma \5.f.\ 2), and T 3 is the composite of a finite 
sequence of blowings-up over a. 


Proof. The proof consists of four steps. 

Step 1. Decreasing p outside the preimage of a. Let W := U \ {a}. Then every 
point of E U IT is a generic prepared 1-point. (If a is an isolated point of E, then 
the proof of the lemma reduces essentially to Step 3 below.) By Lemma [7.41 there 
is a hnite sequence r of permissible blowings-up r : {W,E) {W,E\\y) such that 

p{b) < p{a) for all b G W. Moreover, all blowings-up involved are combinatorial 
with respect to D\w and, after a first blowing-up with centre a (to separate curves 
that will be blown up simultaneously according to Lemma m, we can take the 
closures of all the centres of blowings-up that comprise f, to get a sequence 

n : iUi,Ei) ^ {U,E) 
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of permissible blowings-up over U, such that p{b) < p{a) for all b outside f]“^(a). 
Each centre of blowing up is a union (necessarily disjoint) of closures of curves given 
by Lemma l7.41) . Moreover, all blowings-up are combinatorial with respect to D. In 
particular, fi also makes sense as a morphism fi : (C7i, Di) —>■ ([/, D). 

Set Ii := Let Hi denote the strict transform of H := {v = 0) by fi, and 
Ji the residual ideal sheaf of Ii after factoring out the greatest possible monomial 
in local generators of components of the exceptional divisor Ei . By Lemma 17.41 
V{Ji) C U {El niJi). Let Li denote the closure of y(j7i) \Tj“^(a). Then Ti 

is an analytic (or regular) curve (unless it is empty) with at most two connected 
components 7 ^^ (fc = 1 or fc = 1 , 2 ), each of which intersects fi^{a) in a point 
Pi . If there are two components, then they were separated by the first blowing-up 
(with centre a) of the sequence fi, so that p'^i \ p^i^ are distinct. 

Step 2. Decreasing p at the limit points of the l-curve(s) 7 ^^. Let pi denote either 

(k) (k) 

of the points Pi , and 71 the corresponding curve 7 ]; . Assume that Xi is not 

principal at pi. Then there is a coordinate system {x,y) = {xi,X 2 ,y) at pi in 

which fi is given by: 

Ui=x^^, U2=x^^, V = x^^y, 

where Ai, A 2 are Q-linearly independent, Ei = {xiX 2 = 0) and Di = {xiX 2 y = 0). 
We can assume that {xi = 0) is the component of Ei that does not project to a, so 
that 7 i = V{xi,y). In particular, in this coordinate neighbourhood of pi, the ideal 
Ii has the form 

(7.2) Xi = {x^’^'^y'^ y\x^) 

for suitable f 2 d^ fij and p. (Recall that the first monomial in Xi in (|7.2p comes 
from X 2 , and the last comes from T^g.) Write o P (cf. Dehnitions 17.11) . Each 
fij is a pair = (ryi,ry 2 )- 

Let m denote the minimum of riji over all {i,j) corresponding to monomials in 
(EH), and let A := {{i,j) '■ Viji = m\. Take (*i, ji) G A with minimal ji. Since 
d{h) < d{a) = d for b outside r“^(a) (cf. notation of Lemma [4.3p . we see that 
ji < d{a). We can also assume that ri^j ^^2 is minimal over all pairs {i,j); indeed, 
we can blow up pi = (0,0, 0) once, and then: 

(1) After a further sequence of blowings-up of curves of the form {x 2 = y = 0) 
(which are combinatorial with respect to Di and project to a), we can 
assume that ri^j ^^2 < rij 2 , for all {i,j) G A. (This does not change the 
values of r^i.) 

(2) After a further sequence of blowings-up of curves of the form {xi = 0:2 = 0) 
(which are combinatorial in respect to Di and project to a), we can assume 
that ji ^2 < for all (i, j) ^ A. (Again this does not change the values 

of Tijl.) 

(kf) 

The above construction applies to pi = p) 7 k = 1 ov k = 1,2, and provides a 
sequence of permissible blowings-up 

T2 : {U2,E2) —>■ (t/i,£’i) 

(where the first blowing-up in the sequence has centre p7 if k = 1,2). Let 

(k) (k) 

X* 2 , X 2 , 772, P 2 72 denote the objects dehned after f 2 that are analogous to 
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Di, Ii, Ji, and 7 ^*^. Clearly, at p 2 = p^ 2 ^, the ideal I 2 has the form 

(7.3) I 2 = 

(where 72 = V{xi,y)) for suitable r^, ^ 8 , and it follows that p{p 2 ) < p{a). In 
particular, if ji = 0, then I 2 is principal at p 2 and p{p 2 ) = 0. 

Step 3. Decreasing p over a, outside the preimage(s) of the limit point (s) p^ 2 ^. Let 
W denote the complement of the curve(s) 72 ^^ in ^ 2 - Then the ideal J 2 ■ Ow has 
support in the preimage of a. There is a sequence f : {W,E) —>• {W,E 2 \w) of 
blowings-up that are combinatorial with respect to D 2 \w^ which principalizes J 2 • 
Ow Then f is permissible (all centres project to a), and p < p{a) throughout W, 
by Proposition 17.31 Since all blowings-up involved are combinatorial with respect 
to D 2 \w, we can take the closures of all centres to get a sequence of permissible 
blowings-up 

T 3 : (Us^Es) —>• {U2,E2), 

where p(b) < p{a) for every b not in the preimage of P 2 ^^, and all blowings-up are 
combinatorial with respect to the divisor ZI 2 . 

We define D 3 , 13 , 7 / 3 , p^^^ and 73 ^^ in the same way as before. The precise form 

(k) 

of the ideal X 3 at ^ is important for the next step, so let us compute it. Again let 
P 3 denote either point p^P and let 73 = 73 ^^. By construction (see (17.31) '). the centres 
of all blowings-up in T 3 containing p 2 (or the analogous limit point after blowing 
up) are of the form V{y,X 2 )- Therefore, there is a coordinate system {ui,U 2 ,v) at 
P 3 in which f 3 is given by 

Xi=Ui, X2 = U2, y = U2V. 

It follows that, in these coordinates, 73 = V{ui,v) and I 3 has the form 

I 3 = {u 2 ^ , 11 ^), 

for suitable exponents 6 , and /8 (where we use notation unchanged from 

before for simplicity). Since I 3 is principal outside the preimage of p 2 (in the 
preimage of a), we have P 2 = 0 and 

(7.4) Is 


Step 4 - Decreasing p in the preimage(s) of the point(s) p^'^ ■ Let W denote the 
complement of the curve(s) 73 ^^ in U3. Then the ideal J3 ■ Ow has support in the 
preimage of a. There is a permissible sequence f : (IT, i?) —>• (IT, i? 3 |w) of blowings- 
up that are combinatorial with respect which principalizes 4/3 ■ Ow- By 

Proposition 17.31 p < p{a) throughout IT. Since all blowings-up are combinatorial 
with respect to Dslw, we can take the closures of all centres to get a sequence of 
permissible blowings-up 

77 : { Ui , E / f ) —>■ (1/3,753), 

where p{b) < p{a) for every b not in the preimage of , and all blowings-up are 
combinatorial with respect to D3. 

We define I 4 as before. We claim that p < p{a) in the preimage of P 3 = p^P, as 
required to finish the proof. By (17.41) . the centres of all blowings-up in 77 containing 
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P 3 (or the analogous limit point after blowing up) are of the form V{ui,U 2 ), and 
they must principalize the ideal 

/C= 

Let b denote a point in the preimage of p^. There are two possible cases. 

Case I. b is a 2-point. Then there are coordinates {xi,X 2 ,y) at b in which is 
given by 

ui=x^^, U 2 =x^^, v = y. 

Since flK is principal, there exists j 2 < ji such that 

I 4 = u^{y^^,u^*^y^,u^), 

for suitable 6 , fy, Therefore, p{b) < p{a). In particular, if j 2 = 0, then I 4 is 
principal. 

Case II. b is a 1-point. Then there are coordinates (x, y, z) at b in which fi is given 
by 

ui=x^^, U 2 = x^^{C-\-z), v = y. 

Since T 4 IC is principal, there exists j 2 < ji such that 

I4 = x^ , a;’"’-’ y^ , x^) 

for suitable i5, fy, /3. Therefore, p{b) < p{a). In particular, if j 2 = 0, then Z 4 is 
principal. 

□ 

Lemma 7.6. Let a he a non-generic 1-point oJY,. Then there is a finite sequence of 
permissible blowings-up t : ({ 7 , E) —>■ {U, E) which is combinatorial with respect to 
D, such that p{b) < p{a) for all b in U . Moreover, r can he realized as a composite 
T = T 3 o T 2 o Ti, where ti is a single blowing-up with centre a, T 2 is the composite 
of a finite sequence of permissible blowings-up as in Lemma \5.4^ 2), and T 3 is the 
composite of a finite sequence of blowings-up over a. 

Proof. The proof consists of four steps, as for Lemma 1731 

Step 1. Decreasing p outside the preimage of a. Let 7 and 5 denote the curves 
(v = u = 0) and {v = w = 0), respectively. Then 7 coincides with E, since S \ {a} 
lies outside suppi?. We first blow up with centre a to separate 7 and 6 , and define 
the morphism fi as in the proof of Lemma 17.51 (so that fi consists of blowings-up 
over 7 ). 

Set Ii := f*I. Let Hi and Ki denote the strict transforms of H := {v = 0) and 
K := {w = 0) by ri (respectively), and let Ji be the residual ideal sheaf of Ii after 
factoring out the greatest possible monomial in local generators of components of 
the exceptional divisor i?i. By Lemma l7.41 V{Ji) C rj“^(a)U (i?i PliLi) U (Lfi fliLi). 
The closure Ti of V{Ji) \rj“^(a) is a union of two curves 71 = EiC Hi (analogous 
to 7 ^^^ in the proof of Lemma [7.51) and 5i = KiC\ Hi, which intersect rj“^(a) in 
distinct points pi and qi. 

Step 2. Decreasing p at the limit points pi , qi of the curves 71 , (5i. For pi , we can 
repeat the argument of Lemma l7.51 Step 2. 

Consider qi. First note that, if Sij = 0 for some i,j (i.e., if w does not appear in 
the monomial part of the coefficient of , for some i and some j < d), then we can 
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again repeat the argument of Lemma 177^ Step 2, thinking of {u, w) here as (tt 2 , ui) 
in Lemma 17.51 In this case, we can finish the proof of Lemma 17.61 as in Lemma 1 7.5 1 
It may, however, happen that Sij > 0 for all i,j. In this case, after finitely 
many blowings-up of qi and its preimages in successive liftings of (5i, we get S 2 and 
<72 with the property that there is a coordinate system (x,y,z) at q 2 ^ such that 
E 2 = {x = 0), S 2 = V{y,z) and 

J 2 = {x'^'^y'^, z) = {x'^'^y'^, z), 

for suitable r^, fij, and it follows that p{q 2 ) = 0. (We define D 2 , I 2 and J 2 as in 
Lemma 1731 1 

Step 3. Decreasing p over a, outside the preimages of p 2 , <72 ■ As in the proof of 
Lemma 1731 we define T 3 : —>• ( 1 / 2 , A 2 ), where p{b) < p{a) for every b not 

in the preimages of P 2 , 92 - We define D 3 , 13 , ffs, P 3 , < 73 , 73 and <53 as before. At ps, 
we can compute I 3 or ff 3 as in the proof of Lemma 17.51 

At ( 73 , there is a coordinate system {u,v,w) in which fs is given by 

X = u, y = V, z = u^'^w, 

and in which 63 = V{v, w) and 

(7.5) J^ = {v^w). 

It follows that piqs) = 0 and that, if W denotes the complement of the curves 73 , 
63 in U 3 , then jZs • Ow has support disjoint from a neighbourhood V of ^ 3 . 

Step 4- Decreasing p in the preimages of p 2 , ( 72 - We define ta '■ {Ua.Ea) —t (C/ 3 , 173 ) 
as in the proof of Lemma [731 Then, as in the latter, p < p{a) outside the preimages 
of P 3 , 93 , and, moreover, p < p(a) in the preimage ofp 3 . Since ta is an isomorphism 
over V, we have p < p(a) on C/ 4 . □ 

This completes the proof of Lemma 15.41 

7.3. Proof of Proposition [773l Consider t : {U,D) — {U,D). In each case in 
Definitions 17.11 suppX has codimension at least two; therefore, cosuppT*(I) C 
suppi7 and t*{I) is iZ-principal. The proof of the proposition will be divided in 
three cases depending on the nature of a. 

Case I. a is a generic 1-point. Then D = {uv = 0). We consider two cases 
depending on whether & is a 1- or 2-point with respect to D: 

Subcase I.l. b is a 1-point of D. There are adapted coordinates (x, y, z) at b, where 
D = {x = 0) and r is given by 

u = x^^, V = x^^ -\-z), w = y, 

where C 7 ^ 0- Clearly, E = D a.t b, since suppif = V{t*{u)). By (14.2|) . (15.2L each 

d-l 

(7.6) t*T, = x^^ (C + zfT, + Y, (C + z)% + b,o, 

1=1 

for suitable f^, r^-, where bij = bij(x,y) = T*aij, Ti = T*Ti and bio — T*aio; in 
particular, bi^^ = x^y, for some jS. All the exponents can be computed explicitly 
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from the Ai and the original r^, j3, but we will not need the explicit formulas. Let 


denote a generator of t*I. Then dSD becomes 


(7.7) 


ai=x , 


CTi = g^[x) + x^^"< 




x^ 


for suitable a, S. We now consider three further subcases depending on which 
monomial generator of I pulls back to a generator of t*Z. 

Subcase 1.1.1. generates t* I. Then 

= (C + i I E (C + + ^20 I , 


x'y 




where C 0, r 2 is a unit, and b 2 j, &20 are independent of z. It follows that 
d{b) < d{a), so that p{b) < p{a). 

Subcase 1.1.2. does not generate t*I, but generates t*I, for some 

{i,j). Let (ii, ji) denote such (z, j) with maximal j. Then 

^ = (C + z)^'&n.ii + ^ ( E + +^*1.0 ] +xR{x,y,z). 


x'l 




Since the bi^j and bi^fi are independent of z, d(h) < ji, so that p{b) < p{a). 

Subcase 1.1.3. Neither nor any t*(u'''^v^) generates t*I. Then t*{u^) 

generates t*I. In this case, 

T*Ti^ =x^ {y + xR{x, y, z)), 

so that p{b) = 0 < p{a). 

Subcase 1.2. b is a 2-point of D: There are adapted coordinates (x,y) = {xi,X 2 ,y) 
at b such that D = (xiX 2 = 0) and r is given by 

It = v = x^'^, w = y, 

where Ai,A 2 are Q-linearly independent. By (14.21) . (15.2L 

d-l 

(7.8) t*R = + b^o, 

i=i 


for suitable fd, fij, where bij = T*dij, Ti = T*Ti and bio = T*aio; in particular, 
big^o = x^y, for some j8. Again all exponents can be computed explicitly from the 
Ai and the original exponents. In particular, since Ai, A 2 are linearly independent, 
the multi-indices fd, fi,j (for fixed i) and ^ are all distinct. Let x'^ be a generator 
of T*I. Then (14.11) becomes 

Q! 

(Tl X , 

(Ji = gi[x)+x 

x~ 

for some a, 5. Note that x“ and are supported in E. We again consider three 
further subcases depending on the generator of t*X. 
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Subcase 1.2.1. generates t*X. Then 

t*T 2 =x^ {T 2 + R{x, y)) , 

where R{0,y) = 0. Moreover, 5 + 7 = JAi + dX2 and a = aAi; therefore, 5+7 and 
a are linearly independent. By (17.91) . p{b) = 0 < p{a). 

Subcase 1.2.2. t*{v^) does not generate t*X, but t* ) generates t*X, for some 

(i, j). Let (ii, ji) denote such {i,j) with maximal j. Then 

= x'^ + R{x, y )), 

where i?(0,j/) = 0. Moreover, 5 + 7 = (d T+^jJAi + jiA 2 and a = oAi; therefore, 
5 + 7 and a are linearly independent. By (17.91) . p{b) — 0 < p{a). 

Subcase 1.2.3. t*{u^) is the only generator of t*X. Then 

t*T,„ =x'^ {y + R[x,y)), 

where R{0,y) = 0, so that d{b) = 1 < d{a) and p{b) < p[a). 

Case II. a is a non-generic 1-point. Then D = {uvw = 0). We consider three cases 
depending on whether 6 is a 1-, 2- or 3-point of D. 

Subcase II.1. b is a 1-point of D. We follow the steps of Subcase I.l. There are 
adapted coordinates (a;, y, z) at 6 , where D = {x = 0) and r is given by 

u = x^'^, w = -\-y), v = x^’^ {f-\-z). 

where 77 7 ^ 0, ^ 7 ^ 0. Again E = D at b, since suppTl = V{t*{u)). By (14.21) and 
(15.21) . we again have formulas (17.6|) . for suitable fd, hj, where now btj = bij{x, y) = 
T*dij times a unit, Ti = T*Ti and bio = T*aio; in particular, big^ = x^{ri + y), for 
some (3. Let x^ be a generator of t*X. Again a has the form (TTtI) . for suitable a, 
6 , and we consider three further subcases depending on the generator of t*X. 

Subcase II.1.1. generates t*X. In this case, we can repeat Subcase 1.1.1 

word-for-word. 

Subcase II. 1.2. does not generate t*X, but some r* ) generates 

T*X. Then we can repeat Subcase 1.1.2 word-for-word. 

Subcase II.1.3. t*{u^w) is the only generator of t*X. Then 

T*Tig = x^ ((77 + 7 /) + xR{x, y, z )), 

so that p{b) = 0 < p{a). 

Subcase II.2. b is a 2-point of D. Then there are two possibilities: 

(a) There are adapted coordinates {x,z) = {xi,X 2 ,z) at b such that D = 
(a;ia ;2 = 0 ) and r is given by 

u = x^^, w=x^^, V = x^^{f-\-z), 

where Ai,A 2 are Q-linearly independent and C ^ 0 - 

(b) There are adapted coordinates (x, y) = {xi,X 2 ,y) such that D = {xiX 2 = 0) 
and T is given by 

u = x^^, w =x^^{r]-\-y), v = x^^, 

where Ai,A 3 are linearly independent, Ai,A 2 are linearly dependent, and 
77 7 ^ 0 . 
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We have to consider both (a) and (b). 

Subcase 11.2(a). By (14.21) . (15.21) . 

d-l 

(7.10) t*T, = + zfT, + + z)% + b,o, 

1=1 


for suitable fd, fij, where bij = bij{x) = T*aij, T 2 = T*Ti, and bio = T*aio; in 
particular, big^o = for some Let be a generator of t*I. Then a takes 
the form dUl), for suitable a, S. Note that x“,x'* and x^ are supported in E. As 
before, we consider three further subcases depending on which monomial generator 
of X pulls back to a generator of t*Z. 

Subcase 11.2.1(a). generates t*I. This subcase is similar to 1.1.1 and II.1.1. 

We have 

{z + C,yh2j +62oj , 

where C 0, T 2 is a unit and & 2 jj &20 are independent of z. It follows that d{b) < 
d{a), so p{b) < p{a). 

Subcase 11.2.2(a). t*{v^) does not generate t*T, but r*(u’'o .11 .ii^;li) (with 
maximal ji) generates t*X. As in 1.1.2 and II.1.2, 




t*T,, 

XT' 


{z + cy^Kpi 


I 

. 1=1 



+ xi?(x, z). 


where the bi.^p and are independent of z. Therefore, d{b) < ji, so that p{b) < 
p{a). 

Subcase 11.2.3(a). t*{u^w) is the only generator of t*I. This is similar to 1.2.1 or 
1.2.2. We have 

T*Eg = x"^ (1 + R(x, z )), 

where R{0, z) = 0. Moreover, 5 + 7 = (5 + /l)Ai + A 2 and a = aAi, so that 5 + 7 
and a are linearly independent. Since x^ is supported in E, p(b) = 0 < p(a). 

Subcase 11.2(b). We follow the steps of Subcase 1.2. By (14.2L (15.21) . we have 
formulas (17.81) . for suitable where bij = T*aij times a unit, Ti = T*Ti and 

bio = T*aio; in particular, big^o = x^(j] + y) for suitable /3. For fixed i, since Ai, A 3 
are linearly independent, the exponents fd, fij and are distinct. Let x^ denote a 
generator of t*X. Then m takes the form (17.91) . for suitable a, 6. Note that x“ 
and x^'^T are supported in E. We consider three further subcases 11.2.1(b), 11.2.2(b) 
and 11.2.3(b) analogous to 1.2.1, 1.2.2 and 1.2.3, respectively, in each of which we 
can argue word-for-word as in the latter. 

Subcase II.3. b is a 3-point of D. We follow the steps of Subcase 1.2. There are 
adapted coordinates x = (xi,X 2 ,X 3 ) at b, such that D = (X 1 X 2 X 3 = 0) and r is 
given by 

u = x'^b w=x^^, v=x^^, 

where Ai, A 2 , A 3 are Q-linearly independent. By (j4.2L (15.2p . we again have formulas 
(17.81) (here of course x = (xi,X 2 ,X 3 )), for suitable fd, fij, where bij = T*dij, 
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Ti = T*Ti and bio = T*aio; in particular, for suitable p. For fixed i, since 

Ai, A 2 , A 3 are Q-linearly independent, the expoments f^, Vij and are distinct. 
Let be a generator of t*X. Then equation (14.11) takes the form (17.911 . for suitable 
a, S, where a:“, are supported in E. We consider three subcases as before. 

Subcase II.3.1. t* = x'^^^ generates t*I. Then 

t*T 2 = x"< (T 2 + R{x)) , 

where i?(0) = 0. Moreover, 5 + 7 = JAi + dAs and a = aAi, so that 5 + 7 , a are 
linearly independent. By (17.91) . p{b) = 0 < p{a). 

Subcase II. 3.2. t*{v‘^) does not generate t*I, but (with maxi- 

ji) generates t*X. Then 

= x'i (foil + R(x )), 

where R{0) = 0. Moreover, J + 7 = (<5 + jy )Ai + jyA 2 + jiAs and a = aAi, so 
that 5 + 7 , a are linearly independent. By (17.91) . p{b) = 0 < p{a). 

Subcase II. 3.3. t*(u^) is the only generator of t*X. Then 

(1 + i?(x)), 

where i?(0) = 0. Moreover, 5 + 7 = (d + /3)Ai + A 2 and a = oAi, so that J + 7 , a 
are linearly independent. By (17.91) . p{h) = 0 < p(a). 

Case III. a is a 2-point. Then D := {uiuiv = 0). Since r is combinatorial in 
respect to H, we consider three cases depending on whether & is a 1-, 2- or 3-point 

of 5: 

Subcase III.l. b is a 1-point of D. We follow the steps of Subcase I.l. There are 
adapted coordinates (x, r/, z) at &, where D = {x = 0) and r is given by 

ui = x'^^(? 7 -I-y)“^ U 2 = x^^ {r]-\-, v = x^^ z), 

where p ^ 0, ( ^ 0. Clearly, E = D a.t b, since suppi? = V{t*u°‘). By (14.2L 
(15.21) . we have formulas (17.61) . for suitable f^, where bij = bij{x,y) = T*aij 
times a unit, Ti = r*Ti, and 6 io = T*aio. Note that T*(u^aigfi) = x^~^^{r] -\- yY for 
appropriate d, /3 and e, where e 0 since e = (<52 + ^ 2 ) 0.1 — (<5i -I- Pi)a 2 and a, 
5 -\- ^ are (Q-linearly independent. Let x^ denote a generator of t*X. Then a has 
the form (17.71) . and we consider three further subcases III. 1.1, III. 1.2 and III. 1.3 as 
before, depending on which monomial generator of X pulls back to a generator of 
T*X. 

Subcases III.1.1 and III.1.2 parallel 1.1.1 and 1.1.2 (respectively), word-for-word. 
Subcase III.1.3. t*u^ is the only generator of t*X. Then 

r* [u^Rg ) = x'^+'^ {{p + vY + y,zY)\ 

therefore, p{b) = 0 < p{a). 

Subcase III.2. b is a 2-point of D. Then there are two possibilities: 

(a) There are adapted coordinates (x,z) = (xi,X 2 ,z) at b such that D = 
(xiX 2 = 0 ) and t is given by 

Ml = X'^C M2=X'^^, V = x^^ z) , 
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where Ai,A 2 are linearly independent and C 0- In this case, E = D. 

(b) There are adapted coordinates {x,y) = {xi,X 2 ,y) at b such that D = 
{xiX 2 = 0 ) and r is given by 

Ui = {y + y)°"^, U2=x^^{'q + y)~°‘^, n = 

where Ai, A 3 are linearly independent, Ai, A 2 are linearly dependent, and 
77 ^ 0 . 

We again consider both (a) and (b). 

Subcase 111.2(a). By equations (14.21) . (15.2L we have formulas (17.101) . for suitable f^, 
fij, where bij = bij{x) = T*dij, Ti = T*Ti and 6^0 = T*aio; in particular, big^ = x^ 
for suitable / 8 . Let x^ be a generator of r*X. Then (14.11) takes the form (17.9L for 
suitable a, 5 . We again consider three further subcases 111.2.1(a), 111.2.2(a) and 
111.2.3(a), depending on which monomial generator of I pulls back to a generator of 
t*T. In each subcase, we can follow the corresponding subcase of 11.2(a) essentially 
word-for-word. 

Subcase 111.2(h). We follow the steps of 1.2. By (14.21) . (15.21) . we have formulas (17.8L 
for suitable f^, fij, where bij = T*dij times a unit, Ti = T*Ti and biQ = T*aio. 
Note that T*{u^aigfi) = + yY, suitable 5, P and e, where e Y ^ since 

e = a 2 {Pi -f di) — ai(d 2 + <ii) and a, 5 + are linearly independent. Moreover, for 
each fixed i, since Ai, A 3 are linearly independent, the exponents f^, fy and /8 are 
distinct. Let x^ be a generator of t*X. Then (14.1|) takes the form (17.91) . for suitable 
Oi, S, and x°‘, x^~^^ are supported in E. As usual, we consider three subcases. The 
first two, III.2.1(b) and III.2.2(b), parallel 1.2.1 and 1.2.2 (respectively). 

Subcase 111.2.3(b). t*{u^) is the only generator ofr*!. Then 
T*u^Tig = ((ry -f yf + R{x, y)) , 
where R{0,y) = 0. It follows that p{b) = 0 < p{a). 

Subcase III.3. b is a 3-point of D. We can again follow the steps of Subcase 1.2. 
There are adapted coordinates x = (xi,a; 2 ,X 3 ) at b, such that D = (xia; 2 X 3 = 0) 
and r is given by: 

Ui = X^^ , U2=X^^, V = x^^, 

where Ai, A 2 , A 3 are linearly independent. By (14.2L (15.2p . we have formulas (17.81) . 
for suitable f^, fij, where bij = T*dij, Ti = T*Ti and 5io = T*aio; in particular, 
big^o = for suitable p. For each fixed i, since Ai, A 2 , A 3 are linearly independent, 
the exponents fd, fij and yS are distinct. Let x'*' be a generator of t*I. Then (14.11) 
takes the form (17:^ . for suitable a, 6; moreover, x“, x‘^+7 are supported in E. We 
consider three subcases, as usual. 

Subcase III. 3 . 1 . generates t*X. Then 

t*T 2 = x^ (T 2 -h R(x)) , 

where i?(0) = 0. Moreover, 5 ^ = diAi -I- 152A2 + dX^ and a = aiXi + a2X2', 

therefore, 5 4 -7 and a are linearly independent, and it follows that p{b) = 0 < p{a). 
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Subcase III. 3.2. does not generate t*Z, but t* (with maximal ji) 

generates t*X. Then 

T*Ti^ = {bi^.n + -^(^))) 

where R{Q) = 0. Moreover, i + 7 = (Ji + ri^^j^^i)\i + {62 + riiji, 2 )A 2 + jiAa and 
a = oiAi + a 2 A 2 ; therefore, 5+7 and a are linearly independent, and it follows 
that p{b) = 0 < p(a). 

Subcase III. 3.3. t*{vP) is the only generator ofr*!. Then 

t*u^T,^ = (1 + Rix )), 

where R{0) = 0. Moreover, 5 + 7 = (5i + /3i)Ai + (^2 + 1 ^ 2 )^ and a = OiAi + 
a 2 A 2 . Since 6 + 0,0 are linearly independent, it follows that 5 + 7, a are linearly 
independent, and finally again, p{b) = 0 < p{a). □ 
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